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Abstract. The 4-dimensional Sklyanin algebras, over C, A{E,t), are constructed from an elliptic 
curve E and a translation automorphism r of E. The Klein vierergruppe T acts as graded algebra 
automorphisms of A{E,t). There is also an action of T as automorphisms of the matrix algebra 
M 2 (C) making it isomorphic to the regular representation. The main object of study in this paper 
is the algebra A := (^A{E,t) (g) M 2 (C)) . Like A(E,t), A is noetherian, generated by 4 elements 
modulo six quadratic relations, Koszul, Artin-Schelter regular of global dimension 4, has the same 
Hilbert series as the polynomial ring on 4 variables, satisfies the x condition, and so on. These 
results are special cases of general results proved for a triple {A, T, H) consisting of a Hopf algebra 
H, a (often graded) TL-comodule algebra A, and an TL-torsor T. Those general results involve 
transferring properties between A, A®T, and (A(g>T)“^. We then investigate A from the point of 
view of non-commutative projective geometry. We examine its point modules, line modules, and a 
certain quotient B A/(0,0') where 0 and 0' are homogeneous central elements of degree two. 
In doing this we show that A differs from A in interesting ways. For example, the point modules 
for A are parametrized by E and 4 more points whereas A has exactly 20 point modules. Although 
B is not a twisted homogeneous coordinate ring in the sense of Artin and Van den Bergh a certain 
quotient of the category of graded H-modules is equivalent to the category of quasi-coherent sheaves 
on the curve E/E[2] where E\2] is the 2-torsion subgroup. We construct line modules for A that 
are parametrized by the disjoint union (E/(^i)) U {E/{^2)) LI {E/{^ 3 )) of the quotients of E by its 
three subgroups of order 2. 
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1. Introduction 

1.1. The 3- and 4-dimensional Sklyanin algebras are among the most interesting algebras that have 
appeared in non-commutative algebraic geometry. Such an algebra determines and is determined 
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by an elliptic curve, E, a translation automorphism, r, of E, and an invertible 0£;-module C of 
degree 3, and 4, respectively. The representation theory of the Sklyanin algebra A{E,t,£) and, 
what is almost the same thing, the geometric features of the non-commutative projective space 
Proj^c {A{E,t,C)), is governed by the geometry of E and r when E is embedded as a cubic or 
quartic curve in F(^H^{E, C)*). We refer the reader to [1] and [29] for overviews of the 3- and 4- 
dimensional Sklyanin algebras. The n in “n-dimensional” refers to the Gelfand-Kirillov dimension 
of A{E,t), or its global dimension, or the dimension of A{E,t, C)i which is equal to H^{E,C). 

Odesskii and Feigin have defined generalizations of the 4-dimensional Sklyanin algebras in [22], 
[23], and [11]. The algebras they construct depend on a pair {E,t), as before, but now a higher 
degree line bundle is used to construct A(E, r, £). In particular, when deg(£) = n^, n > 2, Odesskii 
and Feigin construct an algebra that they denote by Q^ 2 {E,t). 

Following an idea of Odesskii in [21], described in §1.5 below, we construct for every such pair 
{E,t) and integer n > 2 a connected graded algebra Q = Q„ 2 (Fl,r) by a kind of Galois descent 
procedure applied to Qn‘^{E,T). We show that the algebras obtained in this manner inherit many 
of the good properties enjoyed by Q„ 2 (£', r). For example, they are Artin-Schelter regular. 

1 . 2 . This paper examines the case n = 2 and shows that the algebras Q exhibit a range of novel 
features. They are still governed very strongly by the geometry of E and r. For this reason we call 
them “elliptic algebras”, the name Odesskii and Feigin adopted for their algebras, and we append 
the adjective “exotic” to indicate that they are somewhat novel when compared to the familiar 
4-dimensional Sklyanin algebras and other 4-dimensional Artin-Schelter regular algebras. 

1.3. The procedure we use to construct the algebras Q is quite general. Let H he a finite dimen¬ 
sional Hopf algebra over a field k and A an LT-comodule algebra. One might also require A to be a 
graded algebra and that every homogeneous component be a subcomodule. Let T be an Lf-torsor 
(see §3.1) and define the algebra A' := A®T. If A is graded one places T in degree zero to make A' 
a graded algebra. Let A denote the subalgebra of A' consisting of the Lf-coinvariant elements. In 
§3 and §4 we show how various properties pass back and forth between A, A', and A. For example, 
we consider the noetherian property, that of being finite as a module over its center, and numerous 
homological properties that play an important role in non-commutative algebraic geometry. When 
H is commutative, which is the case in the definition of Q, A' is an Lf-comodule algebra. 

In §4 we assume that dimfc(iL) < oo, and (usually) A is a connected graded Lf-comodule algebra. 
We show A is Koszul (m-Koszul) if and only if A is. We show A is Artin-Schelter regular of 
dimension d if and only if A is. We show A satisfies the y condition, introduced in [ 6 ], if A does. 

1.4. The construction A A, and our results about properties shared by A and A, should be 
useful in other situations. It would be sensible to examine the effect of this construction on 2- and 3- 
dimensional Artin-Schelter regular algebras now that J.J. Zhang and his co-authors have determined 
(many/all?) the finite dimensional Hopf algebras for which such algebras can be comodule algebras. 
Even the case when A is a polynomial ring, or an enveloping algebra, deserves investigation. 

1.5. Let Q = A{E,t,C) be a 4-dimensional Sklyanin algebra. It was shown in [31] that F = 
{'£12) X {'£12) acts as graded algebra automorphisms of Q when k = C. The action there is induced 
by the translation action of the 2-torsion subgroup, E[2], on E. Here, working over an arbitrary 
algebraically closed field k of characteristic 7 ^ 2 , we define an action of F as graded fc-algebra 
automorphisms of Q and show that this “corresponds” to the translation action of E[2] on E. 

In the language of §1.3, we take H to be the Hopf algebra of /c-valued functions on F and T 
to be M 2 {k), the ring of 2 x 2 matrices, with an appropriate Lf-comodule algebra structure. We 
then have Q = {Q 0 T)“^ = (Q <8) T)^. The results in §3 and §4 show that Q has “all” the good 
properties Q has. It is a noetherian domain, has global dimension 4, has the same Hilbert series as 
the polynomial ring on 4 indeterminates, is Artin-Schelter regular, satisfies the x condition, etc. 
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1.6. Among the most important results about Sklyanin algebras are classifications of their point 
and line modules. The point modules of a 3-dimensional Sklyanin algebra are naturally parametrized 
by E or, more informatively, by a natural copy of E embedded as a smooth cubic curve in 
p2 = P(Q^). The point modules for a 4-dimensional Sklyanin are parametrized by a natural copy of 
E as a smooth quartic curve in P^ = P((5^) and 4 additional points, those being the vertices of the 
4 singular quadrics that contain the copy of E. The line modules are, in both cases, parametrized 
by the secant lines to E, the lines in P(Q|) that meet E with multiplicity > 2. 

The results for Q are very different. For example, Q has only 20 point modules. In a note 
circulated in 1988 [10], Van den Bergh showed that a generic 4-dimensional AS-regular algebra 
(with some other properties) has exactly 20 point modules. Since then, there have been a number 
of examples showing that particular algebras, rather than the ephemeral “generic algebras”, have 
exactly 20 point modules. We believe that ours are the first such examples that turn up “in vivo”, 
so to speak. 

1.7. Van den Bergh and Tate [38] showed that the Odesskii-Feigin algebras are noetherian, 

Koszul, Artin-Schelter regular algebras of dimension v? with Hilbert series {1 — t)~'^ . It follows 
from the relations for that F = x realized as the n-torsion subgroup E[n] C E, 

acts as graded algebra automorphisms of <5^2. It is an easy matter to see that the ring of re x n 
matrices M„(C) is an i7-torsor where H is the Hopf algebra of /c-valued functions on F. In §5 we 
show that for all re > 2, Q ^2 = (< 5^2 (8* Mn{k)'j has “the same” properties as Q„ 2 . 

1.8. In §6 we begin a detailed examination of the algebra Q in §1.5. We give explicit generators 
and relations for Q. It has 4 generators and 6 quadratic relations (Proposition 6.1). Since F = 
(Z/2) X (Z/2) acts on Qi it acts as automorphisms of P(Qi)* = P^. This P^ contains a natural 
copy of E embedded as a quartic curve and F restricts to an action as automorphisms of E. 

In §7 we show that this action is the same as the translation action of the 2-torsion subgroup I? [2]. 
Each 7 E F acts as an auto-equivalence M 7 *M of the graded-module category Gr(Q). Because 
F acts as E[2] does, if Mp, p G E, is the point module corresponding to p G E, then ^*Mp = Mpj^^ 
for a suitable uj G E[2]. There is a similar result for line modules: 'y*Mp^q = 

1.9. By [30], there is a regular sequence in Q consisting of two homogeneous central elements of 

degree 2, H and Q' say, such that is a twisted homogeneous coordinate ring, B{E,t,C), 

in the sense of Artin and Van den Bergh [5]. The main result in [5] tells us that the quotient 
category QGr(H(E, r, £)) is equivalent to Qcoh(£'), the category of quasi-coherent sheaves on E. 

The algebra Q also has a regular sequence consisting of two homogeneous central elements of 
degree 2, 0 and 0' say. Although B := Q/(0,0') is not a twisted homogeneous coordinate ring, 
Theorem 8.1 proves that QGr(H) is equivalent to Qcoh(E/E[2]).^ Nevertheless, B has no point 
modules. The points on E/E[2] correspond to fat point modules of multiplicity 2 over B. Another 
new feature is that B is not a domain although B is. Nevertheless, B is a prime ring. 

1.10. In §9 we prove that Q has exactly 20 point modules. These modules correspond to 20 points 
in P^ = P((5][) that we determine explicitly. The “meaning” of these 20 points eludes us. Let ^ 
denote that set of 20 points. The degree shift functor M -w M(l) induces a permutation 0 : ip —^ 
of order 2. Shelton and Vancliff [27] have shown that the data (ip, 6) determines Q in the sense that 
the subspace R E Qi iSi Qi of bihomogeneous forms vanishing on the graph of 9 has the property 
that Q is isomorphic to T{Qi)/{R), the tensor algebra on Qi modulo the ideal generated by R. 


^Although E/E[2] is isomorphic to E it is “better” to think of QGr(B) as equivalent to Qcoh(if/i5[2]). 
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In §11, we exhibit three families of line modules for Q parametrized by (£'/(^)) U U 

where , ^"} is the set of 2-torsion points on E. These are not all the line modules for 

g. 

1.11. In §§8 and 11, we examine T-equivariant objects in Gr(g) and other categories of interest. 
So as not to interrupt the flow of the paper we collect some basic facts about group actions on 
categories and equivariant objects in an Appendix. The material there is known in one form or 
another, and in various degrees of generality but we have not found a suitable reference. The reader 
might find the appendix useful in filling in the details of some of the proofs in §10. 

1.12. In late January 2015, after proving most of the results in this paper, we found an announce¬ 
ment on the web of a seminar talk by Andrew Davies at the University of Manchester in January 
2014 that appeared to contain some of the results we prove here. On 1/20/2015, we found a copy of 
his Ph.D. thesis ([8], [9]) which has substantial overlap with this paper. Davies also proves several 
things we don’t. For example, he describes B (when r has infinite order) in the manner of Artin 
and Stafford [2]. Nevertheless, most of what we do is more general, and most of our arguments 
differ from his. For example, when we deal with the 4-dimensional Sklyanin algebras we make no 
assumption on the order of r, we do not restrict our base held to the complex numbers, and we 
describe some of the line modules for Q. Also, the results in §3 and §4 for arbitrary H and T are 
proved by Davies only in the case H is the ring of /c-valued functions on a hnite abelian group. 

Acknowledgement. We are very grateful to Kenneth Chan for numerous useful conversations 
while working on this paper and in particular for providing some of the insight on Azumaya algebras 
and related topics necessary in Section 8. We thank Pablo Zadunaisky and Michaela Vancliff for 
pointing out errors in an earlier version of this paper. 


2. Preliminaries 

In Sections 2 to 4, we work over an arbitrary held k. Once we begin discussing the 4-dimensional 
Sklyanin algebras k will be an algebraically closed held of characteristic ^ 2. 


2.1. We will use what is now standard terminology and notation for graded rings and non- 
commutative projective algebraic geometry. There are several sources for unexplained terminology: 
the Artin-Tate-Van den Bergh papers ([3], [4]) that started the subject of non-commutative projec¬ 
tive algebraic geometry; Stafford and Van den Bergh’s survey [34]; papers by Stafford and Smith [30] 
and Levasseur and Smith [16] on 4-dimensional Sklyanin algebras; the survey [29] on 4-dimensional 
Sklyanin algebras; Artin and Van den Bergh’s paper on twisted homogeneous coordinate rings [5]; 
Artin and Zhang’s on non-commutative projective schemes [6]. 

Suppose A is an N-graded fc-algebra such that dimfc(Aj) < oo for all i. The category of Z-graded 
left A-modules with degree-preserving A-module homomorphisms is denoted by Gr(A). The full 
subcategory of Gr(A) consisting of modules that are the sum of their hnite dimensional submodules 
is denoted by Fdim(A). This is a Serre subcategory so we can form the quotient category 


QGr(A) 


Gr(A) ^ 

Fdim(A) 


In fact, Fdim(A) is a localizing subcategory so the quotient functor vr* : Gr(A) —>• QGr(A) has a 
right adjoint vr*. The functor tt* is exact. By dehnition, QGr(A) has the same objects as Gr(A). 
Since is isomorphic to the identity functor we may view objects in QGr(A) as objects in Gr(A). 


2.2. We write Vect for the category of vector spaces over k. 
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2.3. Throughout this paper, H is a. Hopf algebra over k with bijective antipode. We write 
for the category of left ff-comodules and for the category of right ff-comodules. Furthermore 
A denotes a right Ff-comodule-algebra, i.e., an algebra object in . 

Let T be an abelian gronp. We call A an T-graded iL-comodule algebra or an T-graded algebra 
in Ai^ if it is an Lf-comodule algebra such that each homogeneous component, Ai, is an H- 
subcomodule. For example, if IL is a right Lf-comodule and R C V <Si V an iL-subcomodule, then 
the tensor algebra, TV, and its quotient TV/{R), are Z-graded algebras in Ai^. 

We write Mod(i?) for the the category of left modnles over a ring R. We write aAA.^ for the 
category of ^-modules internal to the category of Ff-comodnles, i.e., vector spaces V equipped with 
an ^-module strnctnre and an iL-comodnle structure such that A®V ^ V is an Lf-comodule map. 
If A is an T-graded algebra in Ai^ we write Gr(A)-^^ for the category of T-graded ^-modules 
internal to AA.^, i.e. each homogeneons component Mi is an Lf-comodule. Similar conventions 
apply to right ^-modules, with the algebra snbscripts appearing on the right in that case. 

3. TORSORS, twisting, and DESCENT 

In this section we prove some general resnlts on the inheritance of various properties for certain 
rings of (co)invariants, relating various good properties of A to those of the algebra A defined in 
(3-4) below. In §§3.1-3.3, the only assumption on H is that it is a Hopf algebra with bijective 
antipode. In §3.4 we add the hypothesis that H is commutative. 

3.1. Torsors. A left iL-torsor (or just torsor for short) is a left Lf-comodule-algebra T such that 

(1) T'^ H in ^Ai, 

( 2 ) the ring of coinvariants, is k, and 

(3) the linear map 

, s p (8) id id (g) m 

(3-1) T<S)T - >H®T®T - >H®T 

is bijective where p : T ^ H 0 T is the comodnle structure and m T ® T —)• T is 
multiplication. 

Throughout Section 3, T denotes a left Fl-torsor. 

3.1.1. A comodule algebra for which the composition in (3-1) is an isomorphism is sometimes 
called a left Ll-Galois object (see e.g. [7, Defn. 1.1]). Loc. cit. and the references therein are good 
sources for background on torsors. Left iL-torsors classify exact monoidal functors Ai^ —)• Vect, 
the functor corresponding to T being 

(3-2) M !-)• MHhT := {x E M (g) T | (pM <8 id)(x) = (id (g) p)(x)}, 

where pM : M —)■ M (g) 77 and p -.T ^ H are the comodule structure maps. The vector space 
M\AhT is called the cotensor product of M and T. 

3.1.2. Left versus right torsors. Since the antipode, s : 77 —)• 77, is an algebra anti-isomorphism, 
the categories ^ Ai and Ai^ are equivalent: ifp:A—)-77(g)Xisa left 77-comodule, then X 
becomes a right 77-comodule with respect to the structure map 

(3-3) X- - —^ 77 ® X- > 77 (g) X-^^ X (g) 77 


where the right-most map isr(/i(g)x) = x®/i. 
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3.1.3. Left versus right eomodule algebras. The operation (3-3) does not turn a left i7-comodule 
algebra into a right //-comodule algebra. However, if X is a left H-comodule algebra and X°p 
denotes X with the opposite multiplication, then becomes a right H-comodule algebra with 
respect to the structure map (3-3). To see this, first denote the composition in (3-3) by p° and, 
when X E X, write x° for x viewed as an element in X°p. Thus, if x,y E X, then x°y° = {yx)°. 
Therefore if x, y E X and p{x) = x_i ( 8 ) xq, then p°{x°) = Xq ( 8 ) s(a;_i) so 

p°{x°y°) = p°[{yx)°) = t{s ® id)p(yx) = r(s ® id)(y_ix_i ( 8 ) yoxo) = y^XQ ® s(x_i)s(y_i) 

which is equal to (xg ( 8 ) s(x_i)) (yg ( 8 ) s(y_i)) = p°{x°)p°{y°). 

Since T is a left H-torsor, T°p with the structure map p° : T°p ^ T°p 0 H is a, right H-torsor. 

3.1.4. The monoidal funetor* : M i-)- M. By [39, Lemma 1.4], the functor M MiTuT in §3.1.1 
is a monoidal functor. We denote it by • : M i-A- M. It is naturally equivalent to M i-A (M ( 8 )T)™^. 

In the expression MOhT we treat T as a left H-comodule. In the expression (M ( 8 ) T)“^ we 
treat T as a right H-comodule using the new structure map in (3-3). The algebra structure on T 
in not used in constructing either or (M ( 8 ) T)“^. 

3.1.5. Since • is a monoidal functor, it sends algebras in to algebras in Vect, and hence for 
A E as in §2.3, 

(3-4) A ;= 

has a natural algebra structure. We treat T as a right H-comodule in the expression {A (S> . 

Although T has two algebra structures, its original one and the opposite one, neither makes 
A®T into an H-comodule algebra unless additional hypotheses are made (see §3.4). Nevertheless, 
A is a subalgebra oi A® T (T having its initial algebra structure, not the opposite one). In §3.4 
below we specialize to commutative H, in which case A®T is a comodule algebra. 

• lifts to a functor —)• Mod(A), and similarly when everything in sight is T-graded for 

some abelian group T. We denote all of these functors by the same symbol, relying on context to 
differentiate between them. 

3.1.6. In the definition of a torsor, the condition that T = H in ^Ai makes the Galois object cleft] 
this condition follows automatically from (3-1) when H is finite-dimensional, which is the case we 
are really interested in here. This is (part of) [7, Thm. 1.9], which cites [15] for a proof. 

Cleft objects have an alternative characterization by means of Hopf cocycles. Recall (e.g. [7, 
Example 1.3]) that the latter are linear maps a ■. H ® H ^ k satisfying certain conditions that we 
will not spell out here and which are reminiscent of those from group cohomology. 

By [7, Theorem 1.8], every left torsor in the sense of §3.1 can be obtained from such a gadget cr 
by twisting H: T can be identified with H as a vector space, but has a new multiplication defined 
by 

s ot = sitia{s 2 ( 8 ) t 2 ) for all s,t ^ H- 

Here, s e->■ si ( 8 > S 2 is the comultiplication in H and juxtaposition on the right hand side means 
multiplication in H. Similarly, the algebra A can be identified with the vector space A endowed 
with the modified multiplication 

ao b = aoboa{ai ( 8 ) 6 i) for all a,b £ A, 

where a e-)- oq <8 ) oi is the 77-comodule structure. 

When H is the function algebra of an abelian group T whose order is not divisible by the 
characteristic of k this construction specializes in the following way. 

H can be identified with the group algebra kT of the character group of T, i.e. A is T-graded. 
A Hopf cocycle H ® H ^ k then turns out to be the same thing as (the linear extension of) 
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a normalized group 2-cocycle ^ : T x T ^ in the usual sense. Now, denoting by Aa the a- 
homogeneous component of A with respect to the F-grading, the twisted algebra A can be identified 
with the vector space A together with the new multiplication 

aob = f3)ab for all a, /? E F, o E Aa, b E Ajs. 

3.2. Generalities. We prove some auxiliary general results of use below. 

Lemma 3.1. The categories Al^op and Vect are equivalent via the mutually quasi-inverse functors 


(3-5) 


J'op 


Vect 





.coH 


Proof. By [25, Thm. I] applied to the comodule algebra T°p E the assertion follows from the 
torsor condition (3-1) if r°P is injective as an Fl-comodule. It is because T = H as a left comodule 
and every coalgebra is self-injective in the same way that every algebra is self-projective. ■ 

Proposition 3.2. There is an isomorphism 

(3-6) Hom^ (M, V 0 T) ^ Hom(M, N ), 

functorial in M,N E . Moreover, it restricts to a functorial isomorphism 

(3-7) Hom;^(M, iV ® T) ^ Horn ^{M, N) 

for M,N £ aM^. 

Proof. By the adjunction between scalar extension • 0 T°p : ^ Ai^op and scalar restriction 

(i.e. simply forgetting the T°P-action) the left hand side of (3-6) is naturally isomorphic to the 
space Hom-^op(M (g) T°p, V (g) T°p), where T°p acts on just the T°p tensorands. In turn, this is 
naturally isomorphic to the right hand side of (3-6) by Lemma 3.1. 

To verify the second assertion note that the left hand side of (3-7) can be realized as an equalizer 

(3-8) Hom^ {M,N®T) -> Hom^ {M,N ®T) Hom^ {A®M,N®T) 

/i-^I>o(idA®/) 

where the upper and lower > symbols denote the action A® M ^ M and A® N ^ N respectively. 

Applying the natural isomorphism from the first part of the proposition to the two parallel arrows 
in (3-8), and keeping in mind the fact that • is a monoidal functor, we get the arrows 

Hom(M,iV) Hom(I®M,iV). 

/i-A'l>o(idAiS)/) 

Their equalizer is precisely the right hand side of (3-7). ■ 

3.2.1. There is a graded version of Proposition 3.2 with virtually the same proof (M and N are 
graded comodules, etc.). 

The following simple observation turns out to be rather important. 

Lemma 3.3. Suppose PI is finite-dimensional. The functors • : aA\^ —?• Mod(A) and 
• : Gr(A)-^'^ Glr(A) send projective objects to projective objects. 
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Proof. Let A^H* denote the smash product. The category can be identified with Mod(^tt^^*). 

Under this identification, projectives are direct summands of direct sums of copies of A‘^H*. It 
therefore suffices to show that the image of A‘^H* under • is projective over A. 

As an A-module A^H* is simply A ® H* with the A-action on the left tensorand. As an H- 
comodule A‘^H* is the tensor product A 0 H*, with H coacting on H* regularly. Since • is a 
monoidal functor, it sends A^H* E to A® H* with the obvious action of A. This is a direct 

sum of copies of A in Mod (A) and hence projective. ■ 

3.3. The noetherian property and GK-dimension. 

Proposition 3.4. Let T he an abelian group and A an T-graded H-comodule algebra. Then 
dimfc(Aj) = dimfc(Aj) for all z E T. 

Proof. We are assuming T = H in so W ® T = W ® P[ in for all W E . As in the 
proof of Proposition 3.9, the map W ® H ^ W ® H, w ® h ca wq ® wih, is an isomorphism from 
W ® H with the diagonal iL-coaction to W ® H with the regular Lf-coaction on the right-hand 
tensorand. As a consequence, there is a vector space isomorphism W = {W (8) T)“^. Now apply 
this fact with W equal to each homogeneous component of A. ■ 

Lemma 3.5. [14, Lem. 6.1] Let A be an N-graded k-algebra such that dimfc(Aj) < oo for all i, and 
M a finitely generated graded A-module. Then 

GKdim(M) = 1 -|-limsuplog„(dimfc(M„)). 

Proposition 3.6. If A is a "L-graded comodule algebra such that dimfc(Aj) < oo for all i, then A 
and A have the same G elf and-Kirillov dimension. 

Lemma 3.7. The /unctor forget : Gr{A)-^^ Clr(A) preserves projectivity, as does the analogous 
functor for ungraded modules. 

Proof. This follows from the fact that FORGET is left adjoint to an exact functor, namely • 0 H : 
Gr(A) ^ Gr(A)-^^- The same proof works in the ungraded case. ■ 

Proposition 3.8. Suppose H is finite-dimensional. If A is left or right noetherian then so is A. 

Proof. Suppose A is left noetherian. (The right noetherian case has a similar proof using the 
right-handed version of Proposition 3.2.) 

Let S be an arbitrary set. The goal is to show that for any A-module map / : A®*^ -A A the 
images of the restrictions fs' ■ A®'^^ ^ A stabilize as S' O S ranges over ever larger finite subsets. 

By Proposition 3.2, / can be identified with some A-module Ll-comodule map (p : A®"^ -A A®T. 
By naturality, this identification is compatible with taking restrictions ips' to A®'^ for finite subsets 
S' C S (in the sense that fs' gets identified with ^ps')- 

From the proof of Proposition 3.2 we see that the image of fs' consists of the iL-coinvariants of 
the T°P-submodule oi A® T generated by the image of ips’. Hence, it suffices to show that the 
images of (ps' stabilize as S' increases. This, however, is a consequence of the noetherianness of A 
and the fact that T is finite-dimensional (so that the A-module A®T is finitely generated). ■ 

3.4. The case when H is commutative, and the algebra A'. In this section we assume that 
H is commutative, i.e., the ring of regular functions on an affine group scheme (not necessarily 
reductive or reduced). 

Because H is commutative, if V and W are right Ll-comodules, the map V ®W -A W ® V , 
V ®w eA w ®v, is an isomorphism of right iL-comodules. It follows from this that if T is made into 
a right iL-comodule via the procedure in §3.1.2, then 

(3-9) A' := 


A®T 
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becomes a right if-comodule algebra with its usual tensor product algebra structure. We emphasize 
that the T factor va. A® T has its original multiplication and is made into a right i7-comodule 
algebra by the procedure in §3.1.2 and not by giving T the opposite multiplication. 

As mentioned in §3.1.5, A is a subalgebra of A'. The following result therefore makes sense. 

Proposition 3.9. The categories a'AA.^ and Mod(A) are equivalent via the mutually quasi-inverse 
functors 


(3-10) 


Mod(A) 



a>M 


H 


.coH 


Furthermore, the extension A —>■ A' is faithfully flat on the right and on the left. 

Proof. It will be convenient to phrase the proof in terms of left comodules. Note that since H 
is commutative its antipode is an automorphism and therefore the equivalence between and 
described in §3.1.2 is a monoidal equivalence. In this manner, we think of A and A' as left 
comodule algebras for the duration of the proof, and show that the two functors above implement 
an equivalence between Mod(A) and ^tAi. We will also freely interchange the order of tensorands, 
as permitted by the commutativity of H. 

By [25, Thm. I], both assertions follow if Ad is injective as an IZ-comodule and the map 

, , /? (8) id , , id (8) m 

(3-11) A'® A'- ^H®A'®A' - >H®A' 

analogous to (3-1) is onto, where p : A' ^ H ® A' \s the left comodule structure mentioned at the 
beginning of the proof and m is multiplication. 

The //-comodule T = H is injective in ^A4 (every coalgebra is self-injective, in the same way 
that every algebra is self-projective). Now, for any left i7-comodule M, the map 

H ® M ^ H ® M, h®meA hm-i ® mo 

is an isomorphism from M ® H = H ® M with the tensor product comodule structure to M <Si H 
with the comodule structure coming from the right hand tensorand alone. In other words M0H is 
isomorphic in ^Ai to a direct sum of dimfc(M) copies of H and in particular is injective. Applying 
this to AI = A, it follows that A' = A® T = A® H is injective in ^Ai. 

To check the surjectivity of (3-11) note that since (3-1) is an isomorphism so is the composition 

T®A' = T®T®A^H®T®A' = H®T®T®A^H®T®A = H®A', 

i.e. the restriction of (3-11) to T ® A' C A' ® A' already surjects onto H ® A!. ■ 

Lemma 3.10. Keeping the notation above, if N £ a'-M.^ is finitely generated over A', then 
is finitely generated over A. 

Proof. Finite generation can be characterized in category-theoretic terms as follows. Let / be a 
filtered small category in the sense of [17, Section IX.1]: Every two objects i,i' fit inside a diagram 


i - ---- 
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and every solid left hand wedge as in the picture below can be completed to a commutative diagram 
by a dotted right hand wedge 

i 

k 

i' ^' 

For any functor F : I ^ Mod(74') we have a canonical map 

(3-12) lin^ Hom^/(jV,F(i)) -A Hom^/(iV, lin^ F(i)). 

iei i 

We leave it to the reader to check that N is finitely generated if and only if for every filtered I and 
every functor F such that every arrow F{i i') is an embedding the map (3-12) is an isomorphism. 
Also, the horn spaces on the two sides of the arrow are //-comodules, and the isomorphism respects 
these comodule structures. 

Let F : I —)• a'-^^ be a functor from a filtered small category such that all F{i i') are 
monomorphisms. Since by Proposition 3.9 the equivalence = Mod (A) is effected by the 

functor (•)™^ which preserves filtered colimits, the analogue of (3-12) over is obtained by 

applying this functor to (3-12). Since (3-12) is an isomorphism, so is its image under (•)™^. ■ 

There are analogous graded versions of Lemma 3.10 and Proposition 3.9. 

4. Homological properties under twisting 

We keep the notation and conventions from the previous section, under the assumption that H 
is finite dimensional. We do not assume H is commutative until Theorem 4.12. 

4.1. Let A be a (usually connected) graded /c-algebra. For M,N G Gr(A) we define the graded 
vector space 

Hom fM, N) := 0 Hom(M, Af(d)), 
dez 

where N{d) is the degree shift of by d and Horn here is understood from context to be the space of 
degree-preserving A-module maps. Just like ordinary Horn, Horn has derived functors Ext ^ taking 
values in the category of graded vector spaces. We denote the degree-j component of ExP (M, N) 
by Ext*(M, N)j, as usual. 

If A is noetherian and M is finitely generated then Ext fM, —) and Ext(M, —) agree or, more 
precisely, Ext(M, —) is the vector space obtained by forgetting the grading on Ext fM. —). This is 
not the case in general though. 

4.2. Let A be a connected graded /c-algebra in A4^. If we make the smash product A^Fl* into a 
Z-graded fe-algebra by placing F[* in degree 0, then Gr(A)-^^ is equivalent to Gr(AljLJ*). Therefore 
every M G Gr{A)-^^ has a resolution by projective objects in Gr{A)-^^■ Let {P*,d) be such a 
projective resolution; it is also a projective resolution in Gr(A) by Lemma 3.7. If G Gr(A)-^^j 
then the homology of Hom^(P*, A^) is in M.^. Thus, if M,N G Gr{A)-M.^, then every Ext ^4(M. N)j 
is in : 

Lemma 4.1. Let A be a connected graded H-comodule algebra and M,N G Gr(A)-^^ ■ Then the 
components Ext ^fM, N)j acquire H-comodule structures natural in M,N G Gr{A)-^^■ 

Similarly, if M,N G a-M.^, then Ext4(M, A^) G , naturally in M and N. 

The following result will be used repeatedly. 
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Theorem 4.2. Let A be a connected graded H-comodule algebra and M,N G Gr{A)-^^■ There is 
a natural isomorphism of bigraded vector spaces 

(4-1) Ext*, fM. N). ^ Ext ~ {M. N') . 

Proof. Let {P*,d) be a projective resolution of aM in Gr{A)-M-^ (and hence also in Gr(74) by 
Lemma 3.7). Then (P*, d) is a projective resolution of M in by Lemma 3.3, and Ext ~(M, N). 

is the cohomology of the complex Homjj(P*, N). By Proposition 3.2 (or rather its graded version; 
see §3.2.1), this is the same as the cohomology of the complex 

(4-2) Horn? (P,,iV ® T) ^ Hom.fP..A^ ® T)™^ ^ (Hom,fP.,iV) (g) r)“^^, 

where the second isomorphism uses the finite-dimensionality of T. 

The right-most complex is the image of Hom ^(P*. Al) (regarded as a complex of Z-graded H- 
comodules) under the functor • to graded vector spaces. Since this functor is exact, it turns the 
cohomology of Hom ^fP^. N), i.e., Ext *4fM. N)., into that of (4-2). In other words, • turns the 
left-hand side of (4-1) into its right-hand side. 

Einally, • is isomorphic to the forgetful functor -A Vect as a linear functor (though not as 
a monoidal functor) because T = H as a comodule; the conclusion follows. ■ 

There is a version of Theorem 4.2 for ungraded modules M,N G \ the same proof, with 

the obvious modifications, works. 

Corollary 4.3. Let A he a connected graded H-comodule algebra. If A = TV/{R), then A = 
TV/{R) where R and R are isomorphic as graded vector spaces. 

Proof. This follows by applying Theorem 4.2 to M = N = k from the fact that there are isomor¬ 
phisms ExtJ^(A:, k) = V* and Ext\{k, k) = R* of bigraded vector spaces. ■ 

4.3. The Koszul property. 

Definition 4.4. Let m be an integer > 2. A connected graded algebra A is m-Koszul if A = TV/{R) 
with deg(E) = 1, P C and E'iR\{k., k) is concentrated in just one degree for all i. ♦ 

Corollary 4.5. Let m be an integer > 2. A connected graded H-comodule algebra A is m-Koszul 
if and only if A is. 

Proof. This follows immediately from Corollary 4.3 and Theorem 4.2 applied to M = N = k. ■ 

4.4. Artin-Schelter regularity. We begin by recalling the relevant notions. 

Definition 4.6. A connected graded Palgebra A is Artin-Schelter Gorenstein (AS-Gorenstein for 
short) of dimension d if the left and right injective dimensions of A as a graded A-module equal d 
and 

(4-3) ExtUfc. A) = ExpA o(k.A) ^ 5wk(£). 

for some integer i. 

If A is AS-Gorenstein we say it is Artin-Schelter regular (AS-regular for short) of dimension d if 
in addition gldim(A) = d < oo. ♦ 

Artin and Schelter’s original definition of regularity included a restriction on the growth of 
dimfc(Aj) but in some situations it is sensible to avoid that restriction. We will show that if A is 
AS-regular of dimension d then so is A. Since dimfc(Aj) = dimfc(Aj) for all i (Proposition 3.6), if A 
is AS-regular with the growth restriction so is A. 

Proposition 4.7. For all noetherian connected graded algebras A G , gldim(A) = gldim(A). 
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Proof. This follows immediately from Proposition 3.8, Theorem 4.2 and the fact that for noetherian 
connected graded algebras the homological dimension can be computed as the supremum of those 
i for which Ext*(fc, fc) is non-zero. ■ 

Theorem 4.8. If a noetherian connected graded algebra A G is AS-regular of dimension d so 
is A. 

Proof. By Proposition 4.7, gldim(j4) = d. Theorem 4.2 and its right handed version applied to 
M = k and N = A show that (4-3) holds (or does not hold) simultaneously for A and A. ■ 

Corollary 4.9. If A is a noetherian twisted Calabi-Yau algebra, so is A. 

Proof. By [24, Lem. 1.2], an algebra is twisted Calabi-Yau if and only if it is AS-regular. ■ 

We can drop the noetherian hypothesis from Theorem 4.8 and Corollary 4.9 if we assume that 
H is cosemisimple, i.e. its category of comodules is semisimple. 

4.5. Condition y. In this subsection we prove that the finiteness condition y introduced in [6] is 
preserved under twisting. Throughout, A will be an N-graded algebra. 

Definition 4.10. [6, Defn. 3.7] We say that A has property y if for all non-negative integers i,d 
and all finitely-generated graded A-modules N there is an integer tiq such that ExP ^(AM>„. W)>rf 
is finitely generated over A for all n > uq. (The left A-module structure on Ext comes from the 
right A-action on A/A>n-) ♦ 

The y condition is crucial in proving Serre-type results on finiteness of cohomology for non- 
commutative projective schemes (see e.g. [6, Thm. 7.4]). 

Theorem 4.11. If the noetherian connected graded algebra A G of finite global dimension has 
property y then so does A. 

Proof. If the finite generation condition from 4.10 holds for all N for a fixed choice of i and d we 
say that condition Xd holds. 

By Propositions 3.4, 3.8 and 4.7, A is also noetherian connected graded and of finite global 
dimension. This latter condition means that all sufficiently high Ext ^ vanish, so that we can prove 
that all x'^ hold by descending induction on i. We now do this. 

Eix i and suppose we have proved that Xd holds for all d and all j > i. Eix N G Gr(A) and d as 
in 4.10. Because A is noetherian, N is the cokernel in a short exact sequence 

0^ K ^ ^ ^ 0 

of finitely generated graded modules. Applying the resulting long exact Ext sequence and the induc¬ 
tion hypothesis we conclude that it suffices to prove that the graded A-module Ext ~(A/A>„, A®^)>d 
is finitely generated for sufficiently large n. 

Just as in the proof of Theorem 4.2, Ext ~(A/A>n , A®^)->d is the image of 

Un=m^AiA/^>n,A®^)>d G Gr{A)M^ 

under the functor •. By hypothesis, Un is finitely generated over A for sufficiently large n. Since 
Un is also an 77-comodule, it is finitely generated over A(Ji7* and hence is a quotient of some finite 
direct sum of copies of AjjTf* in Gr(A)-^^- Applying • we obtain 

Un=^^iA/A>n,A^%d 

as a quotient of a finite direct sum of copies of A(Ji7* = A (g) H* G Gr(A). ■ 

When H is commutative the noetherian and global dimension hypotheses are not needed. 
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Theorem 4.12. If H is commutative and the graded algebra A G satisfies condition x then 
so does A. 

Proof. Let be a finitely generated graded A-module and i, d fixed integers. Because A has 
property x, there is some no for which the finiteness condition in 4.10 holds for the graded A- 
module N' = A' <Si^N (the T-module structure is obtained by restricting scalars from AI = A®T°'^ 
to A). We will show that no satisfies the requirements of 4.10 for N. 

Apply the graded analogue of Proposition 3.9 to identify Gr(A) with Gr(A')-^^- Arguing as in 
the proof of Theorem 4.2 we see that the A-module Ext ~(A/A>„, N)'>d that we are interested in 
is precisely the space of iL-coinvariants in 

(4-4) N')>d. 

To conclude, apply Lemma 3.10 (substituting (4-4) for N in that result). ■ 

5. “Exotic” elliptic algebras 

We now apply the above results to Sklyanin algebras. 

5.1. Eix an integer n > 3. Let k = C. Fix a primitive (n^)*^ root of unity e £ k. 

Let Q = Q„2 ^i(£', r) be the Sklyanin algebra defined in [22]. 

By [22, §1, Remark 2], the finite Heisenberg group of order n®, acts as automorphisms of 
Q. There is a basis Xi, 1 < i < n^, for the degree-1 component of Q on which the generators of the 
Heisenberg group act as Xi Xj+i and Xi i-A e'^Xi where the indices are labelled modulo n^. The 
powers of the two generators generate a subgroup L C that is isomorphic to (fLjrifi. The 
generators of L act by Xj i-A Xi-^-n and Xi i-A Cxi where ( = e^. 

Let H = /c(r) denote the algebra of /c-valued functions on L and let Mn{k) denote the n x n 
matrix algebra. We make L act on Mn{k) by having its generators act as conjugation by 


0 

1 

0 

0 • 

1 • 

•• 0\ 

•• 0 


A 

0 •• 

0 \ 






0 

C •• 

0 





and 



0 

Vi 

0 

0 

0 ■ 
0 • 

•. 1 
•• 0/ 



0 •• 

• A-V 


By duality, the action of L as automorphisms of M„(/c) gives Mn{k) the structure of an H- 
comodule algebra. 

Lemma 5.1. The above action makes Mn{k) into a left H-torsor in the sense of ^3.1. 

Proof. Every character of L appears with multiplicity one in Mn{k). In particular, M„(A:)'^°^ = 
Mn{kf = k. 

A /c-algebra on which L acts as automorphisms is the same thing as a /c-algebra with a grading 
by the character group of L. Every homogeneous component of T = Mn{k) is the fe-span of an 
invertible matrix. Hence, if x and x' are characters of L, then TfiT^i = In other words, T is 

a strongly graded algebra. A result of Ulbrich shows that for every group T the T-graded algebras 
that are Galois as comodules over the group algebra fcT are exactly the strongly graded ones [19, 
Thm. 8.1.7]. Let T be the character group of L. Using the natural isomorphism, Pontryagin 
duality, kT = fe(r) = 77, so T is a left 77-torsor. ■ 

Let Q = {Q®Mn{k)f°^. 

Proposition 5.2. The algebra Q is AS-regular of dimension , Koszul, and noetherian, and has 
Hilbert series (1 — t)“” . 
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Proof. By [38, Thm. 1.1, Cor. 1.3], all the hypotheses of Propositions 3.4 and 3.8, Corollary 4.5, 
and Theorem 4.8 are satisfied. ■ 

Lemma 5.1 and Proposition 5.2 hold when n = 2 and k is any algebraically closed field of 
characteristic / 2 . See Section 6 . 

6 . Generators and relations for Q 4 
Let k be an algebraically closed field whose characteristic is not 2. 

We now specialize the discussion from Section 5 to n = 2, considering the action of the group 
P = Z/2 X Z/2 on Q = Q ^2 = Q 4 . 

6.1. Let ai, a 2 , «3 & k he such that ai + 012 + as + aia 2 a 3 = 0 and {ai, a 2 , as} C {0, ±1} = 0. 
Often we write a = ai, /3 = a 2 , and 7 = as. 

We fix a,b,c,i & k such that = a, b'^ = j3, = 7 , and = —1. 

When A: = C and E = C/A, a, (3, and 7 , are the values at r of certain elliptic functions with 
period lattice A [28, §2], [30, §2.10]. Thus, when k = C we can take 

_ 6 'ii('r) 6 'oo(T) _ . 6 'ii(t) 6 Ioi(t) _ . 6 »ii(r) 6 »io(r) 

“ “ 0 oi(r) 0 io(r)’ “ ' 0 io(r) 0 ii(r)’ ’ 

where 0ii, ^ooj ^oij are Jacobi’s four theta functions as defined at [42, p.71]. 

6 . 2 . Let Q = k[xo,xi,X 2 ,X 3 ] be the quotient of the free algebra k{xo,xi,X 2 ,X 3 ) by the six relations 

( 6 - 1 ) xoXi-XiXo = ai{xjXk + XkXj), XQXi + XiXo = xjXk-XkXj, 

where {i,j,k) runs over the cyclic permutations of (1,2,3). 

6.3. The earlier results will be applied to the Hopf algebra H of fc-valued functions on 

T = { 1 , 71 , 72,73 = 7172 } = ^2 X Z 2 
and its action as fe-algebra automorphisms of Q given by 



Xo 

Xi 

X2 

X3 

71 

Xo 

Xi 

-X2 

-X3 

72 

Xo 

-Xl 

X2 

-X3 

73 

Xo 

-Xl 

-X2 

X3 


Table 1. The action of T as automorphisms of Q 


The irreducible characters of P are labelled Xo, Ai,X2,X3 in such a way that 'y{xj) = Xji'y)xj for 
all 7 € r and j = 0,1, 2, 3. 

6.4. A quaternionic basis for M 2 {k) and the conjugation action of P on M 2 {k). Define 

(6-2) 5), = ".), ?2=0 “0^). 

Then qi = q2 = Qz ~ (b ^ cyclic permutation of (1,2, 3), qiqj = qk and qtqj+qjqi = 

0 . 

Define an action of T as automorphisms of M 2 {k) by 7 j(a) := qjaqJ^, i.e., g{qj) = Xj{9)qj- 
As before, Q = (Q (g) M 2 {k))^. If 7 G T, then xi^iQj) = Xi{l)Xj{l)xiqj so 
Vo ■= xo, Vi := xiqi, 1/2 := 3 ^ 292 , 2/3 := x^q^, 

are T-invariant elements of Q < 8 ) M 2 {k). 
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Proposition 6.1. The algebra Q is generated by yo,yi,y 2 ,y 3 modulo the relations 
(6-3) yoyi-yido = oniyjyk-ykyj) and yoyi + yiyo = yjyu + ykdj, 

were {i,j,k) is a cyclic permutation of (1,2,3). The function yj i-A —yj, j = 0,1,2,3, extends to 
an algebra anti-automorphism ofQ. 

Proof. Because Q is Koszul with Hilbert series (1 — t)~‘^, it is generated by 4 degree-one elements 
subject to 6 degree-two relations. Since yo, 2 / 1 , 2 / 2 , 2/3 are F-invariant elements of degree one, they 
generate Q. It follows from the quadratic relations for <54 that {xoXi — XiXo)qi = ai{xjXk+XkXj)qjqk 
and {xQXi + XiXo)qi = {xjX^ — XkXj)qjqk. Rewriting these relations in terms of 2/0; 2/ii 2/2,2/3 gives 
the relations in (6-3). ■ 

Since Q is a regular noetherian algebra of global dimension and GK-dimension 4, it is a domain 
by [4, Thm.3.9]. 

Proposition 6.2. There is an action ofT as graded k-algebra automorphisms of Q given by 



yo 

yi 

y2 

y3 

71 

yo 

yi 

-y2 

-y3 

72 

yo 

-yi 

y2 

-y3 

73 

yo 

-yi 

-y2 

y3 


Table 2. The action of T as automorphisms of Q 


Using the conjugation action of T as automorphisms of M 2 {k), this gives an action ofT as auto¬ 
morphisms of Q®M 2 {k). The invariant subalgebra {Q M 2 {k)Y' is generated by 

zo ■= yo, zi := yiqi, Z2 := ^ 2 ^ 2 , ^3 := ysQs 

and is isomorphic to Q via Zj i-A Xj. 

Proof. A calculation shows that the action ofT respects the relations (6-3). Because {Q®M 2 {k))^ 
is Koszul with Hilbert series (1 —1)“^, it is generated by 4 degree-one elements subject to 6 degree- 
two relations. The elements zq, zi, Z 2 , z^^ are F-invariant so generate {Q (8> M 2 {k)Y. It follows from 
the quadratic relations for Q that (yo^i - yiyo)yi = caiyjhk - ykyj)qjqk and (yoy* yiyo)qi = 
{yjyk + ykyj)qjqk- Rewriting these relations in terms of zq, zi,Z2,Z3 gives the relations zqZi — ZiZo = 
ai{zjZk -h ZkZj) and zoZi -\- ZiZo = ZjZk - ZkZj. ■ 

6.5. Central elements in Q. In [28, Thm.2], Sklyanin proved that 

(6-4) :=—xl-\-xf-\-X 2 x^ and ft' := xf f ^ ^ f 

VI -02/ Vl + “3/ 

belong to the center of Q when k = C. By the Principle of Permanence of Algebraic Identities, O 
and n' are central for all k. 

The elements are fixed by the action of F. Since y| = —x'j for j = 1,2,3, the 

elements 

r\ 2| 2| 2| 2 J 2 t ^ T Cii\ 2 ^ ~ 2 

0 := yo + 2/1 + y 2 + 2/3 and 0 ■-= yi + { - - 2/2 + - 2^3 

Vi — 02/ V-'- + “3/ 

belong to the center of Q. We note that 0 = — and 0' = — flV 
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7. r ACTS ON E AS TRANSLATION BY THE 2-TORSION SUBGROUP 


7.1. If we use xo,xi,X 2 ,X 3 as an ordered set of coordinate functions on Q\, then the action of F 
on Q\ induced by its action on Qi is given by the formulas 


(7-1) 


7i(^o, <5i, (52, (Js) = ((5o,5i,—(52,-53) 

< 72(5o, 5 i, ^2, 53) = ( 5 o, — 5 i, ^2, —53) 
,73(5o, 5i, 52,53) = (5o,-5i,-52,53). 


We will write for P(Q^), the projective space of lines in Q^. The action of F on induces 
an action of F as automorphisms of P^ given by the formulas in (7-1). 

The relations for Q, which are elements of ( 8 ) Qi, are bi-homogeneous forms on P^ x P^. We 
write R = ker((5i < 8 ) Qi Q2) and define the subscheme 

V := {(u, v) I r(u, v) = 0 for all r ^ R} C P^ x P^. 

Let prj : P^ X P^ ^ P^, i = 1, 2, be the projections of V onto the left and right copies of P^. 


Proposition 7.1. [30, Props. 2.4, 2.5] With the above notation, 

pri(P) = pr 2 (P) = S U {(1,0,0,0), (1,0,0,0), (1,0,0,0), (1,0,0,0)} 
where E is the intersection of the quadrics 

Xq xf -|- X 2 T X 3 = 0, 

(1 — 7)^1 T (1 T (^7)^2 P P (^)^3 ~ 

Furthermore, E is an elliptic curve. 


The reader will notice that we use the same notation for elements in Q as for elements in the 
symmetric algebra S{Qi). Thus, in Proposition 7.1, Xq + x^E X 2 + x'^ is an element in S{Qi), i.e., 
a degree-two form on P^, whereas in (6-4), — Xq -|- xf -|- x| -|- x| denotes an element in Q. 

It is clear that F hxes the points in {(1,0,0,0), (1,0,0,0), (1,0,0,0), (1,0,0,0)}. It is also clear 
that E is stable under the action of F (indeed, that must be so because R is F-stable). The map 
F —Aut(iil) is injective so we will identity F with a subgroup of Aut{E). Once we have hxed a 
group law 0 on Fi we will identify E with the subgroup of Aut(Fi) consisting of the translation 
automorphisms, i.e., E —)• Aut(ii') sends a point v G FI to the automorphism u 1 —)• u 0 v. 

Once we have defined the group (Fi, ©) we will write o for its identity element and 

Fi[2] := (v G Fi I V 0 V = oj. 

The next main result. Theorem 7.6, shows we can define 0 such that F = Fi[2] as subgroups of 
Aut(Fi). We will then identify F with Fi[2]. In anticipation of that result we define an involution 
Q : E ^ E and a distinguished point o G Fi by 


(7-2) 

and 

where 


0 iw,x,y,z) := {-w,x,y,z) 


:= ( 0 ,\/u - 1 , a /1 - n, 


F ■= 


1-7 


and 


u := 


1 + 7 


1 + a 1 — /3 

and y/u — 1, and y/p. — v are some fixed square roots. ^ The restrictions on the values of a, 

j3, 7 , imply that |{1, /r, ujj =3. We use this fact in the proof of Lemma 7.5. 


9 

The choice of square root doesn’t matter—as one takes the different square roots one obtains 4 different candidates 
for o. But, as we will see, with the choice of © we eventually make, those 4 points are the points in +[2]. The situation 
is analogous to that of a smooth plane cubic; there are nine inflection points and if one chooses the group law so that 
one of those points is the identity, then the inflection points are the points in +[3], the 3-torsion subgroup. 
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Lemma 7.2. 


£;n{xo = o} = |p G s p = ©p| = 


Proof. It follows from the definition of © that E n {xq = 0} = {pGE\p = Qp}. Computing 
E n {xo = 0} reduces to computing the intersection of the plane conics xf + x^ + X 3 = 0 and 
px1 + PX 2 + x| = 0. The conics meet at four points, namely (± — 1, — p, — p) G P^. 

The result follows. ■ 


Lemma 7.3. There is a degree-two morphism vr : ill —)• P^ such that vr(p) = 7r(©p) for all p £ E, 
i.e., the fibers of n are the sets {p,Qp}, p £ E. In particular, the ramification locus of vr is 
{p£ E \ p = Qp} = {0,^1, ^2,6} where 

o := (0,\/p - 1, -x/l - p, y/p-v) 

6 := 7i(o) = (0, Vp - 1 , -\/l - p, y/p-v) 

6 := 72(0) = (0, -a/p - 1 , \/l - P, y/p-v) 

6 := 73(0) = (0, -Vp - 1, -a/1 - Vp-i')- 

Proof. The conic C, given by pxl + px^ + X3 = 0 , is smooth so isomorphic to P^. Define tt : E ^ C 
by 7 r{w,x,y, z) = {x,y,z). The result is now obvious. ■ 

Proposition 7.4. Let E' C P^ be the curve y'^z = x(x — z)(x — Xz) where 

^ _ v - pv _ 1/1 + 7\ /q; + 7\ 

V- p 7yi + Q;yyi-/ 3 y’ 

and consider the group {E',Q) in which ( 0 , 1 , 0 ) is the identity and three points of E' sum to zero 
if and only if they are collinear. 

( 1 ) There is an isomorphism of varieties g : E ^ E' such that 

5(0) =00 = ( 0 , 1 , 0 ), 5(6) = ( 0 , 0 , 1 ), 5 ( 6 ) = ( 1 , 0 , 1 ), 5(6) = (A, 0 , 1 ). 

( 2 ) If {E,Q) is the unique group law such that g : {E,Q) —)• {E',Q) is an isomorphism of 
groups, then E[ 2 ] = {p \ p = Qp} = {0,6,6,6}, and 

( 3 ) p © (Qp) = o for all p £ E, and 

( 4 ) 4 points on E are coplanar if and only if their sum is zero. 

Proof. ( 1 ) Let tt : E ^ C = {px^ + px| + x| = 0 } be the morphism 7r(xo,xi,X2,X3) = (xi,X2,X3) 
in Lemma 7.3 and / : C —)• P^ the isomorphism 

/(xi,X2,X3) = {V^X2 + ^/pXl, X 3 ) = (X 3 , y/^X2 - ^/pXl) 

with inverse 

r^{-Q t) = ■ 

Let h = f OTT : E ^ . The ramification locus of tt, and hence of h, is obviously {p £ E \ p = Qp}. 

Let E' be the plane cubic y'^z = x{x — z){x — Xz) and P^ the morphism h'{x,y,z) = {x,z). 

Consider the following diagram: 



The following result is implicit in [13, Ch.4, §4]: If E and E' are elliptic curves and h : E ^F^ and 
h' : E' ^ P^ are degree 2 morphisms having the same branch points, then there is an isomorphism 
of varieties g : E ^ E' such that h'g = h. 


























18 


ALEX CHIRVASITU AND S. PAUL SMITH 


The four branch points for h are 

^ ± V/UU - V ± - /i, = (^^/n - v, ±^/- V =F ^iiv - fJ^ . 

The cross-ratios of these four points are {A, 1 — A, where 


_ u - fiu _ l/l-|- 7 Wa + 7 \ 
p-/i 7\^l-FQ;J\^l-/3y' 

The four branch points for h' : E' ^ have the same cross-ratios so E = E'. In particular, 
there is an isomorphism of varieties g : E ^ E' such that 

5(0) =00 = ( 0 , 1 , 0 ), 5(6) = ( 0 , 0 , 1 ), 5(6) = ( 1 , 0 , 1 ), 5(^3) = (A, 0 , 1 ). 

(2) Let © be the unique group law on E such that g{p © p') = g{p) © g{p') for all p,p' E E. 
Then g is an isomorphism of algebraic groups. Since E'[2] = { 0 , 1 , 0 ), ( 0 , 0 , 1 ), ( 1 , 0 , 1 ), (A, 0 , 1 )}, 

^[ 2 ] = {© 6 , 6 , 6 } = {p&E\p = ep}. 

(3) Since g : E ^ E' is a group isomorphism it suffices to show that g{p) © g{Qp) = o. The fibers 
of h consist of points that sum to zero so it suffices to show that h{g{p)) = h{g{Qp)). However, 
hg = /"T and 7r(p) = 7r(©p) so hg{p) = hg{Qp). 

(4) Let 4> : Div(L;) L; be the map $((gi) +... + (g'm)- (n) • ■■-(rn)) := gi©. • .©gm©i’i©Tn- 

It is easy to show that if D and D' are divisors of the same degree, then D ~ L)' if and only if 
<h(iA) = <h(H'). The points {o, 6 , 6 , 6 } are coplanar. Four points go, • • • ,93 € E are coplanar if 
and only if (o) + (6) + ( 6 ) + ( 6 ) ~ (9o) + (91) + (92) + (93)- Since o© 6 ® 6®6 = © 9o, ■ ■ ■, 93 € .F 
are coplanar if and only if go ® 9 i ® 92 ® 93 = o- B 

Lemma 7.5. There are exactly four singular quadrics that contain E, namely 

Qq = {px\ +vx‘l +x1 = Q}, 

Qi = {gxQ + {p- v)xl + (/i - i)xl = 0}, 

Q 2 = {vxl + {v - p)xl + {v - l)x| = 0}, 

Qs = {xl + (1 - h)xl + (1 - i^)xl = 0}. 

Let p £ E. For each i, the line through Qp and 7 i(p) lies on Qi. 


Proof. Since the equation defining each Qi is a linear combination of the equations in Proposition 7.1, 
Qi contains E. Each Qi has a unique singular point, namely Cj where 

eo := (1,0,0,0), ei := (0,1,0,0), 62 := (0,0,1,0), 63 := (0,0,0,1). 

Thus Qi is a union of lines and every line on Qi passes through a. 

Let /i, 6 be quadratic forms such that E = {/i = 6 = 0}. A quadric contains E if and only if 
it is the zero locus of Ai/i + A 2/2 for some (Ai, A 2 ) E P^; conversely, for all (Ai, A 2 ) E P^ the zero 
locus of Ai/i + A 2/2 is a quadric that contains E. Since |{ 1 , p, p}| = 3, there are exactly 4 singular 
quadrics in the pencil of quadrics that contain E] these are the quadrics Qi (see [16, Prop. 3.4]). 

Let p = {w, X, y, z) E E. Let L be line through Qp and eo- Thus L = {{t — sw, sx, sy, sz) \ (s, t) E 
P^}. The line L lies on Qq and meets E when 

{t - sw)‘^ + {sx)‘^ + {sy)‘^ + {szf = p{sxf + u{sy)‘^ + {szf = 0 . 

The second expression is zero for all s. The first expression is zero if and only if — 2stw = 0; one 
solution to this is t = 0 and it corresponds to the point Qp G L Q E. The other solution occurs 
when t — 2sw = 0 and corresponds to the point {w, x, y, z) = p. In other words, if tc / 0, then the 
line through p and Qp lies on Qq . 
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The line through Qp and ei is {(—+ t,sy,sz) \ {s,t) G It lies on Qi and meets E 
when 

(—+ (sx + + (s2;)^ = p,{—sw)‘^ + u{sy)‘^ + {sz)‘^ = 0. 

The second expression is zero for all s and the first is zero if and only if + 2stx = 0 . The solution 
t = 0 to this equation corresponds to the point Qp £ L Q E. The other solution occurs when 
t + 2sx = 0 and gives the point {—w, —x, y, z) = 7i(p). Another way of saying this is that if x / 0 , 
then the line through {—w, x, y, z) and {w, x, —y, —z) lies on Qi; i.e., the line through Qp and 71 (p) 
lies on Qi. 

Similar calculations show that the line through Qp and 7i(p) lies on Qi for i = 2,3. ■ 

The statement of Lemma 7.5 doesn’t quite make sense if Qp = 7i(p). It should be changed to 
say that the line through e* and ©(p) meets E again at 7i(p), i.e., the line is tangent to E. 

Theorem 7.6. There is a group law Q on E such that each element in T acts as translation by a 
point in E[2]. 

Proof. Let 7* be the automorphism in Table 1 and let be the point in Lemma 7 . 3 . We will show 
that 7* is translation by i.e., = 7i(o). 

Let p and q be arbitrary points of E. The line through Qp and 7i(p) lies on Qi. So does the line 
through Qq and Jiiq). Because these lines are on Qi they meet at Cj. The lines therefore span a 
plane, i.e., Qp, jiip), Qq, and 7i(g), are coplanar. Therefore {Qp)Q'yi{p)Q {Qq)Q^i{q) = o. Taking 
q = o and rearranging the equation gives p = 7i(p) © 7i(o) or, 7i(p) = p 0 7i(o) = p © 7i(o). ■ 

7.2. Twisting a Q-module by 7*. Let 7 G T and M a graded left Q-module. We define 7*M to 
be the graded Q-module which is equal to M as a graded vector space and has the new Q-action 

r^ym := 'j~^{r)m 

for r £ Q and m £ 'y*M = M. We make 7* into an auto-equivalence of Gr(( 5 ) in the obvious way 
and we note that these auto-equivalences have the property that ^* 6 * = (7<5)*. 

Proposition 7.7. Letp,q £ E and let Mp and Mp^q be the associated point and line modules. Then 
7 *Mp = and 'jfMp^g = Mp_^_^^^q_^_^.. 

Proof. Let r £ Qi and p G = P(( 5 ^). The action of 7* on Qi and Qy is such that ')i{r){p) = 
^(7i~^(p)) = ^{li{p))- Thus, r(p) = 0 if and only if 7i(r) vanishes at 7j(p). Since Mp = QjQp^ 
where p"*" is the subspace of Q\ vanishing at p, ^XMp = QfQ{p + f.i)'^. A similar argument works 
for line modules. ■ 


8. Properties of B 

By [30, §3.9], Q/{Q,Q,') is isomorphic to the twisted homogeneous coordinate ring B{E,t,C). 
Since Q and O' are fixed by T, there is an induced action of T on Q/(II, O'). 

The quotient Q/(n,n') is isomorphic to B := {B{E,t, C) Q M 2 {k))^. 

8.1. The category QGr(B). Let B = B{E, t,C), B' = B Q M 2 {k), B = {B')^, and B = M 2 {Oe). 
The main result in this subsection is 

Theorem 8.1. There is an equivalence of categories QGr(B) = Qcoh(ii'/Ll[2]). 

Corollary 8.2. The set of isomorphism classes of simple QGr{B)-objects is in natural bijection 
with E/E[2]. 
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The plan is to work our way through the chain of equivalences 
( 8 - 1 ) QGr{B) = QGr{B'f = Qcoh{Bf = Qcoh{B^) = Qcoh{E/E[ 2 ]). 

The notation needs some unpacking. 

First, T acts on the categories QGr{B') and Qcoh(.8). Such an action comprises an auto¬ 
equivalence 7* of the respective category for each 7 G T together with natural isomorphisms 
t-y^s : 7* o ( 5 * = (75)* for 7, (5 G T such that 

(8-2) 7* o (5* o s* -s- (75)* o e* 


7* o (( 5 e)*-^ (7(5e)* 

commutes for all 7, (i, e G T. 

The action of T as automorphisms of B' induces an action of T on Gr{B') as described in § 7 . 2 . 
Since the subcategory Fdim(i?') is stable under each 7*, the T-action passes to the quotient category 
QGr{B'). The action on Qcoh(.S) comes from translation on E by E[ 2 ] together with twisting via 
the T-action on the M2{k) tensorand m B = Oe ® M2{k). 

If T acts on a category C we can then form the category of T-equivariant objects . The objects 
of are objects c G C equipped with isomorphisms : c ^ 7*c for 7 G T such that 





commutes and the morphisms are those in C that preserve all the structure. Explicitly, if ((/9.y).ygr 
and are equivariant structures on objects c and c', respectively, a morphism / : 

is a morphism / : c — )• c' in C such that a*{f)ipj = for all 7 G T. This elucidates the 
notation in (8-1) for C = QGr{B') or Qcoh(.8). 

Finally, B^ denotes the sheaf of algebras on E/E[2] obtained by descent from B. To make sense 
of this, let p : E —)• E/E[2] be the etale quotient morphism. Now recall 

Proposition 8.3. [20, Prop. 2, p.70] The functors 

G p*G and E 

are mutually inverse equivalences between Qcoh(E/E[2]) and Qcoh(£')^. 

The equivalences in Proposition 8.3 are monoidal, because p* is, so they identify F-equivariant 
sheaves of algebras on E with sheaves of algebras on E/E[2]. Keeping this in mind, B^ is simply 
shorthand for the sheaf of algebras on E/E[2] corresponding to .S G Qcoh(E)'", i.e. {p^:B)^. 

Proof of Theorem 8.1. We go through the equivalences in (8-1) one by one, moving rightward. 

First equivalence. The graded version of Proposition 3.9 (applied to B' coacted upon by the 
function algebra of F) provides the equivalence Gr(i?) and Gr(i?)'". The equivalence restricts to the 
subcategories Fdim(i?) and Fdim(i?')'" so descends to the quotient categories QGr. 

Second equivalence. By [5, Thm. 3.12], QGr(i?) = Qcoh(OE). Since B = OE®M 2 {k), Morita 
equivalence lifts this to 

(8-4) QGr(B') = Qcoh(B). 

Now note that F acts on the geometric data {E,t,C) that gives rise to B = B{E,t,C) in the sense 
that it acts on E, commutes with r, and there is an F-equivariant structure on C. Moreover, it acts 
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in the same way on the M 2 {k) tensorands in B' = B®M 2 {h) and B = OE®M 2 {k). This observation 
together with the precise description of the equivalence QGr(i?) = Qcoh(i?) from [5, Thm. 3.12] 
shows that (8-4) intertwines the T-actions on the two categories. This implies the desired result 
that it lifts to an equivalence between the respective categories of T-equivariant objects. 

Third equivalence. This also follows from Proposition 8.3. As observed before that equivalence 
is monoidal, and it identifies B G Qcoh(i?)'" with B^ G Qcoh{E/E[2]). The monoidality then ensures 
that it implements an equivalence between the categories of modules over B and B^ internal to 
Qcoh(£')^ and Qcoh(£'/Pl[2]) respectively. 

Fourth equivalence. Because p : E ^ E/E[2] is etale and p*{B^) = M 2 {Oe), B^ is a sheaf 
of Azumaya algebras on E/E[2]. The fourth equivalence now follows from Morita equivalence and 
the fact that B^ is Azumaya and hence (because we are working over an algebraically closed held) 
of the form £nd{V) for some vector bundle V on E/E[2]. ■ 

We can actually hnd an explicit vector bundle V on E/E[2] such that B^ = £nd{V). 

Proposition 8.4. Let V be the unique non-split extension 0 —> Oe/e[ 2 ] —t V — Oe/e[ 2 \ —t 0. 
There is an isomorphism of Oe/E[ 2 ]-^^ 9 ^bras B^ = £nd{V). 

Proof. We already know that B^ is trivial Azumaya, hence B^ = £nd{V) for some rank 2 vector 
bundle V. By Atiyah’s classihcation of vector bundles on elliptic curves, either V is decomposable, 
or isomorphic to V (8) T for some £ G Pic{E/E[2]). If V is decomposable, the C>g/£;[ 2 ]"™odule B^ 
contains two copies of Oe/e[ 2 ] direct summands, whence dimH^{B^) ^ 2 . Since dim//°(B^) = 
dim H^{B)^ = 1, we must have B^ = £nd{V ® C) = £nd{V). ■ 

8.2. E/E[2] is a closed subvariety of Proj„g((5). The title of this subsection is made precise in 
the following way. In [40, §3.4], a subcategory B of an abelian category V is said to be closed if it 
is closed under subquotients and the inclusion functor £ : B —>• P is fully faithful and has a left 
adjoint i* and a right adjoint f. In [32, Thm. 1.2], which corrects an error in [33], it is shown that 
if J is a two-sided ideal in an N-graded fe-algebra A, then the inclusion functor Gr(A/J) —Gr(A) 
induces a fully faithful functor i* : QGr(A/J) —?■ QGr(A) whose essential image is closed in the sense 
of [40, §3.4]. In particular, since B is a quotient of Q, this result in conjunction with Theorem 8.1 
shows that the essential image of the composition Qcoh(B/B[2]) —)• QGr(B) —s- QGr((5) is closed in 
the sense of [40, §3.4]. 

8.3. Fat point modules for B. Let p G E. Let p"*" C Qi be the subspace of Qi vanishing at p. 
We call Mp := QfQp^ the point module associated to p. We view k‘^ as a left M 2 (A:)-module in the 
natural way. Then Mp (g) is a left Q (g) M 2 (/c)-module, and hence a left Q-module. 

Since (fl, £l') annihilates Mp, Mp (g) is a B-module. 

Lemma 8.5. IfpGE, then at most one o/{ xq, xi, X 2 , X 3 } vanishes at p. 

Proof. Suppose Xr{p) = Xs{p) = 0 and r ^ s. Let t G { 0 , 1 , 2 , 3 } — {r, s}. There are non-zero scalars 
A, /i, u such that Ax^ -|- px^ vx1 vanishes on E so Xt{p) = 0 also. But Xq -|- xf -|- X2 -|- x| vanishes 
on E so it would follow that Xj{p) = 0 for all j. That is absurd. ■ 

Proposition 8 . 6 . Let p G E. If m 0 v is a non-zero element in {Mp (g) k‘^)n, then Q{m (g) x) 3 
(Mp (g) k‘^)>n+i- In particular, every quotient of Mp (g) by a non-zero graded Q-submodule has 
finite dimension; i.e., Mp® A;^ is 1-critical. 

Proof. Let be a non-zero graded Q-submodule of Mp ® k'^. Let Cn ® v he a non-zero element in 
N where {cn} is a basis for the degree-n component of Mp and v G k"^ — {0}. 

Every non-zero matrix in {kqo + kq 2 ) U (A:g'o + kqf) U {kqi -\- kq 2 ) U {kqi -|- kq^^) has rank 2 so 

{kqo-hkq2)v = {kq^-G kq'i)v = {kqi-Gkq2)v = {kqi-Gkq‘i)v = A:^. 
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lip + riT = (Ao, Ai, A 2 , A 3 ) with respect to the coordinates xq, • • •, 2 : 3 , then there is a basis {e,i+i} 
for the degree-(n + 1) component of Mp such that xjCn = XjCn+i for j = 0,..., 3. 

By Lemma 8.5, at least one element in {xo,xi} and at least one element in {x 2 ,X 3 } does not 
vanish at p + nr. Suppose, for the sake of argument, that xi(p + nr) / 0 and X 2 (p + ur) / 0. Then 
xien and X 2 e„ are non-zero. It follows that {kxi qi + kx 2 < 8 ) ^ 2 ) • (cn < 8 * u) = e„+i ( 8 ) k"^. Thus, 
Qii^n < 8 ) u) = e„+i ( 8 ) The same sort of argument can be used in the other cases (for example, 
if xo{p + nr) and X 2 {p + nr) are non-zero) to show that Qi{en < 8 ) v) is always equal to Cn+i < 8 * 

It now follows by induction on n that Q{en ( 8 ) u) 3 {Mp)>n+i < 8 > k"^. The result follows. ■ 

Corollary 8.7. Every simple object in QGr{B) is isomorphic to TT*{Mp (S> k^) for some p & E. 

The previous result is the reason that Mp ( 8 ) k‘^ is called a fat point module for Q\ “point” 
because in algebraic geometry simple objects in Qcoh(X) correspond to closed points, “fat” because 
HomQg^^Q^(( 5 , 7 r*(Mp ( 8 ) k'^)) = 2 , not 1 . 

Proposition 8.8. //w G £^[2] and p & E, then there is an isomorphism of Q-modules 

Mp®k^ ^ Mp+^®k^. 

Proof. Write E[2] = {o, ^ 1 , ^ 2 , Cs}- If w = o the identity map is an isomorphism. Fix i G {1,2,3}. 

Let {cn I n > 0} be a homogeneous basis for Mp with deg(e„) = n. For each n, let fnj G k, 
j = 0, 1 , 2 ,3, be the unique scalars such that 

XjCji — 

Thus, (CnO, ?ni, ?n 2 , ?n 3 ) =p + nT. Let ^nO = ^nO, f'ni = ^ni, and = -^nj when j G (1, 2,3} - (ij. 
Therefore p + nr + = {Cno, ^ 2 ^ ^ns)- Let {/„ I n > 0} be the unique homogeneous basis for 

Afp+^. with deg(/n) = n such that Xjfn = f'njfn+i for j = 0,1,2, 3. 

Define ipi : Mp ® —y ® Pi{e-n ® v) := fn ® qiV. It follows that 

Pi{yj ■ (cn ® 'W)) = PiixjCn <8) qjv) = pi{fjen+i <8) qjv) = ijfn+i <8) qiqjV 


and 

Vj ■ Pi{en ® u) = Vj ■ ifn ® qiv) = Xjfn+I ® qjqiv) = f'jfn+i ® qjqiV. 

For all j, Cjfn+I ® qtqjv = C}/n+i ® qjqiV because 

• if j G {0,z}, then = ff- and qiqj = qjqp, 

• if j G {1,2,3} - {z}, then = -Cj and qiqj = -qjqi- 

Therefore pi (z/j • (e„ ( 8 * u)) = yj ■ ipi {cn < 8 ) v) for j = 0,1,2, 3. This proves that pi is a homomorphism 
of graded Q-modules. It is obviously bijective so the proof is complete. ■ 

8.4. B is a prime ring. Davies [9, Cor. 5.3.21] proved that B is a prime ring when r has infinite 
order [9, Hypothesis 5.0.2]. We use a different method to prove the result without any restriction 
on T. 

Proposition 8.9. Let Ii and I 2 he graded ideals in an f^-graded left and right noetherian k- 
algebra A. Suppose there is a projective scheme X and an equivalence of categories : QGr(H) ^ 
Qcoh(X). By [32], there are functors au and 02 *; and closed subschemes ^' 1,^2 C X such that 


EXOTIC ELLIPTIC ALGEBRAS 


23 


the essential image of ^ai^: is equal to QcOH(Zj), and there is a commutative diagram 


(8-5) 


Gr{A/h) > Gr(A) < GriA/h) 


TTl 


TT 


712 


QGr{A/h) QGr(^) QGr{A/h) 

Qcoh(X). 


in which fi^ : Gr{A/Ii) —Gr(A), i = 1,2, are the natural inclusion functors, and vri, tt 2 , and vr 
denote the quotient functors. If Ii (1 12 = 0 and X is reduced and irreducible, then ZiU Z 2 = X. 

Proof. Let Ox be the skyscraper sheaf at a closed point x G X and M an ^-module such that 
(kvrM = Ox and 7 r*{M/N) = 0 for all non-zero N C M. If I2M = 0, then Ox = ^i2*'^2M so 
X G Z2. On the other hand, suppose I2M 7^ 0. Then 7r(M//2M) = 0 so 7r(/2M) = Ox- Since 
IihM = 0, 7r(/2M) = 7r/i*(/2M) = iwniM which implies that iwKiM = Ox- Hence x G Z\. 

Thus, every closed point of X belongs to Z\G) Z 2 . The proposition now follows from the fact 
that X is reduced and irreducible. ■ 


Theorem 8.10. Let A be a connected, N-graded, left and right noetherian k-algebra Suppose there 
is a projective scheme X and an equivalence of categories : QGr(A) ^ Qcoh(X). If A is 
semiprime and X is reduced and irreducible, then A is a prime ring. 

Proof. Suppose the result is false. Then there are non-zero elements x and y such that xAy = 0. 
If Xm and yn are the top-degree components of x and y, then XmAyn = 0. Let Ii = AxmA and 
I 2 = AynA. Then Ii and I 2 are graded ideals such that I 1 I 2 = 0. Since (Ii n 12 )^ C I 1 I 2 , the fact 
that A is semiprime implies /i H /2 = 0. Hence Zi\J Z 2 = X. But X is irreducible so either Z\= X 
or Z 2 = X. 

Without loss of generality suppose that Z\ = X. Then the functor iu '■ QGr(^//i) —QGr(j4) is 
an equivalence. In particular, there is a module M G Gr{A/Ii) such that ttA = zi^ttiM = vr/i^M. 
Hence, if uj is the right adjoint to vr constructed by Gabriel, ujttA = ujirfuM. By Step 2 in the 
proof of [32, Thm. 1.2], uoTifi^.M = where oj' is right adjoint to vr'. It follows that Ii 

annihilates cjttA. 

There is an exact sequence 0 —)• T —^ ojttA where T is the largest finite dimensional 
submodule of A. Since Aq = k, T G A>i. It follows that T"" = 0 for n 3> 0. But A is semiprime so 
T = 0. Therefore Ii annihilates A. Hence /i = 0. ■ 

Corollary 8.11. B is a prime ring. 

Proof. As observed in [ 8 , Cor. 5.1.8], because H is a domain B 0 M 2 {k) is a prime ring, so [18, 
Cor. 1.5(1)] shows that {B C) M 2 {k))^, which is B, is a semiprime ring. Therefore Theorems 8.1 
and 8.10 imply that H is a prime ring. ■ 


8.4.1. Remark. The hypothesis in Theorem 8.10 that the algebra A is connected was needed to 
show that A does not contain a non-zero left ideal of finite dimension. For B, one can prove that 
without appealing to the fact that B is connected. Since B = Q/(0,0') where 0,0' is a regular 
sequence on Q of length 2, the projective dimension of H as a left Q-module is 2. Hence, by [16, 
Prop. 2.1(e)], B does not contain a non-zero left ideal of finite dimension. 

8.4.2. The twisted homogeneous coordinate ring of a reduced and irreducible variety, in particular 
B{E,t,C), is a domain. 
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Proposition 8.12. B is not a domain. In particular, in B, 0 = = 

(yo - 2/1 - y2 - ys)^ = (yo - yi + y2 + ys)^ = (yo + yi - y2 + ya)^ = (yo+ yi+ y2 - ys)^- 
Proof. This is a straightforward calculation: (yo — yi — y2 — ys)^ equals 

3 

yo + yi + yi + yi - '^{yovi + ym - yjvk - ykyj) 

i=l 

where {i,j,k) is a cyclic permutation of 1,2,3. But yoy* + y^yo = UjUk + Vkyj when {i,j,k) is a 
cyclic permutation of 1, 2,3 and yg + yf + yi + yf = which is zero in B. Similar calculations 
show that the squares of the other 3 elements are zero in B ; alternatively, one can use the fact that 
r acts as automorphisms of B and these four elements in Bi form a T-orbit. ■ 

9. Point modules for Q 

A point module for a connected graded algebra A is a graded left A-module M such that M = 
AMq and dimfc(Mj) = 1 for all i > 0. The importance of point modules is that they are simple 
objects in QGr(^). 

9.1. Suppose M is a point module for Q. Its degree-zero component, Mq, is annihilated by a 3- 
dimensional subspace of Qi. That 3-dimensional subspace determines and is determined by a point 
in P^, its vanishing locus. We will show that the only points in P^ that arise in this way are those 
in Table 4 where the coordinates are written with respect to the coordinate system (yo,yi,y 2 ,ys)- 
We write ip for this set of points. 

Recall that a, b, c, i are fixed square roots of a, /3, 7 , —1. 


‘Poo 

‘Po 

‘Pi 

‘P2 

‘P3 

r 

(1,0,0,0) 

(1,1,1,1) 

{be, —i, —ib, —c) 

{ac, —a, —i, —ic) 

{ab, —ia, —b, —i) 


(0,1,0,0) 

(1,1,-1,-1) 

{be, —i, ib, c) 

{ac, —a, i, ic) 

{ab, —ia, b, i) 

71 

(0,0,1,0) 

(1,-1,1,-1) 

{be, i, —ib, c) 

{ac, a, —i, ic) 

{ab, ia, —b, i) 

72 

(0,0,0,1) 

(1,-1,-1,1) 

{be, i, ib, —c) 

{ac, a, i, —ic) 

{ab, ia, b, —i) 

73 


Table 3. The points in ip. 


The points in iPoo are fixed by T and every other ip* is a T-orbit. If u is the topmost point in 
one of the columns i = 0,1,2,3, the other points in that column are 71 (u), 72 (u), and 73 (u), 
in that order. 

We define a permutation 0 of ^ with the property = id(p by 

(M) 

[ 7 j(u) if u E «Pj, z = 1,2,3. 

9.2. The point scheme, V. Let V denote the linear span of yo, yi, y2, y3- The defining relations for 
Q belong to Non-zero elements in are forms of bi-degree (1,1) on P(R*) xP(R*) = P^ xP^. 

Let 

V : = the subscheme of P^ x P^ where the quadratic relations for Q vanish. 

We will show that R is a reduced scheme consisting of 20 points. 

Lemma 9.1. //(u, v) E R, then (v, u) E R. 
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Proof. As remarked in Proposition 6.1, there is an anti-automorphism of Q given by yi i-A —yi 
for i = 0,1, 2,3. Thus, if r = ^ yi-ijyi <8) yj is a quadratic relation for Q so is r' = ^ ® Vi- 

Obviously, r vanishes at (u, v) G x P^ if and only if r' vanishes at (v, u). The lemma now follows 
from the fact that V is the zero locus of the set of quadratic relations for Q. ■ 

9.2.1. From point modules to points in V. Suppose M is a point module for Q. Let cq, ei,... be a 
basis for M with deg(e„) = n. Define X^j G k by the requirement that yje^ = XnjSn+i- Because 
M is a point module, for each n, some Xnj is non-zero. The point pn '■= (AnOjG P^ 
does not depend on the basis {en}n>o- Since yj{pn) = Xnj, the p„’s belong to P(l/*). 

Because M is a Q-module, each quadratic relation r G has the property that r • = 0 for 

all n. Thus, r viewed as a (1,1) form on P^ x P^ vanishes at {pn+i,Pn)- Hence {pn+i,Pn) G V. 


9.3. The point modules Mu, u G fp. 

Proposition 9.2. Let u G fp. Let 9 be the function defined at ( 9 - 1 ) and for each n > 0 write 
0"'(u) = (AnO) Ani, A„ 2 , Ans) where the coordinates are written with respect to {yo,yi,y 2 ,y 3 )- There 
is a point module, M^, with homogeneous basis eo,ei,..., deg(e„) = n, and action 

(9-2) yjf^n ■— XnjCn+l. 

These 20 point modules are pair-wise non-isomorphic. 


Proof. It is clear that Mu is generated by cq so it suffices to show that ( 9 - 2 ) really does define a 
left Q-module. To do this we must show that every relation for Q annihilates every Cn. In other 
words, we must show that every quadratic relation for Q, when viewed as a form of bi-degree ( 1 , 1 ) 
on P^ X p3, vanishes at ((A„+i,o, An+iq, An+1,2, An+1,3), (Ano, A„i, A„2, A^s)) G P^ x P^ for all n > 0 .; 
i.e., it suffices to show that these forms vanish at (0(v),v) for all v G Since = 1 , this is 
equivalent to showing they vanish at (v, 0(v)) for all v G fp. 

The relations for Q are the entries in the matrix Miy where 


f-yi 

2/0 

ay3 

-ay2\ 


-y2 

-/? 2/3 

2/0 

Pyi 


'^ 2 /o^ 

-y3 

72/2 

-72/1 

2/0 

and y = 

2/1 

yi 

2/0 

-2/3 

-2/2 


2/2 

2/2 

-2/3 

2/0 

-2/1 


V2/3/ 

\ 2/3 

-2/2 

-2/1 

2/0 / 



We must therefore show that Mi(v)0(v)''' = 0 for all v G fp. This is a routine calculation. We give 
one example to illustrate the process. 

Let V = (ho, 51 ,^ 2 , 53 ) G qii. Then 9 {v) = 71 (v) = (ho, hi, -^ 2 ,-^ 3 ) so 


Mi(v)0(v)''' 


/—hi ho ah3 —ah2\ 



/ 0 

—h2 —/^hs ho /3hi 


/ ho \ 


— 6062 — /^hshi 

-hs 7^2 -7^1 <^o 


hi 

— 9 

-hohs -h7hih2 

hi ho —hs —h2 


-h2 

— Z 

ho hi -1- h 2 h 3 

h2 —hs ho —hi 


V-hs^ 


0 


\ h 3 —h 2 —hi ho / Y 0 


\ 




It is easy to check that this 6 x 1 matrix is 0 for all v G iPi. 

The annihilator of eo in Qi is the subspace that vanishes at u. Hence if u and v are different 
points of fp. Mu ^ Mv. ■ 


Theorem 9.3. The 20 point modules Mu, u G fp, in Proposition 9.2 are all the Q-point modules. 
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Proof. Let M be a point module for Q. Let {e^ | n > 0} be a homogeneous basis for M with 
deg(en) = n. Let pn, n > 0, be the points in determined by the procedure described in §9.2.1. 
Then {pn+i,Pn) G 'P for all n > 0. By Lemma 9.1, {pn-,Pn+i) £ P- Thus, to prove the Theorem it 
suffices to show that P = {(u, 0(u)) | u € fp}. This is what we do in Theorem 9.4 below. ■ 


Theorem 9.4. Let P C P^ X P^ he the subscheme defined in ^9.2. Then 


V = {(u,v) G p2 X P^ I Mi(u)v = 0} = {(u,6»(u)) | u G 


In particular, V is the graph of the automorphism 9 o/fp. 


Proof. Let pr]^,pr 2 : P —?■ P^ denote the projections onto the first and second factors of P^ x P^. 
We will show that = fp. Let u G p^ilP). There is a point v G P^ such that (u, v) G P, i.e., 

such that Mi(u)v = 0. This implies that rank(Mi(u)) < 3. Thus the 4x4 minors of Mi vanish at 
u. We used SAGE [35] to compute these minors. After removing a common factor of 2, they are 


'Jlyoui — «7yoyi'/2 w wiyiyi w u, jy2y3 — ^h'yoyiys w ^h^yiy^ — y^yi w y^yiyi 

= {v2Vi - yoyi)(yo + hvl + “71/2 + 

- hyoyly2 - aiyoyl + fiiylvi + a^yiyhs - oifiyoy2yl + afiyiyl - yly2 + ylyiyi 

= {vm - yoy2)(yo + hvl + ociyl + oifiyl), 
fiiyly2 + a-iyiyl - fi'yyoyfys - aivoyly^ + afiyiy2yl - cxfiyoyl + yoyiy2 - yly^i 
= {yiV2 - yoy3)(yo + ^7yi + ^lyl + oifiyl), 

- oifiyhl + oifiyhl - Pvlyl - otyhl + f^vlyl + o^yhl - vlyl + yhl^ 

- oifiyly2y3 + oifiy2yl + fiyoyl - ayly2y3 + ayfys - fiyoyivl + yo^i - yovivl 

= {yovi - 0iy2y3){yl + /^y? - yi - l^vl)^ 

- afiyivhs + afiyiyl - ay^yl + fiy^yiys - fiyfya + otyQy2yl + yly2 - yoyly2 

= {yoV2 + /3yiy3)(yo - y? - "yi + "yl)) 

«7yiy2y3 - «7y2y3 + 7yoyi - ivoywl - «yoy2y3 + «y2yi - y^yi + yoyiyi^ 

= (yoyi + «y2y3)(-yo + 7yi - ivl + yi)^ 

22 22 22, 22 22, 22,22 22 
«7yiy2 - «7y2y3 - 7yoyi + 7yiy2 - + ^9293 + yoyi - yoy3> 

«7yiy2 - «7yiy2yi - lylym + 7yfy2 - ayoyhs + «yoyi + y^ys - yoyiy3 

= (9093 - 7yiy2)(yi - yi - «yi + ayi), 
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ayovivl + ayiys - otyoVivl - 02/22/1 - 2/o2/i + 2/o2/i - 2/o2/22/3 + 2/i2/22/3 

= (2/02/1 + 2/22/3)(-2 /o + 2/1 + 02/2 - 02/i), 

- /372/12/3 + /372/12/22/3 + 72/o2/i 2/2 - 72/02/2 + ^2/o2/i2/3 - “ 2/o2/2 + 2/02/22/1 

= (2/02/2 - /32/i2/3)(-2/o + 72/1 - 72/2 + 2/3)> 

- /372/12/2 + /37yiy22/3 “ 72/o2/i2/2 + 72/12/2 “ ^2/o2/i2/3 + /32/02/3 “ 2/o2/3 + 2/02/22/3 

= (2/02/3 + 72/i2/2)(-2/o - /32/i + 2/2 + /32/3)> 

- hylyl + hylyl - lyhl + ivlvl - ^vlvl + l^yhl - vlvl + vlvh 

- /32/o2/i2/-/32/i2/3 + /32/02/22/3 + Pvivl “ 2/o2/2 + 2/02/2 “ 2/o2/i2/3 + 2/12/22/3 

= (2/02/2 + 2/12/3)(-2/0 - / 32 /? + 2/2 + / 32 /i), 

72/i2/2 - 72/12/2 + 72/02/i 2/3 - 72/02/22/3 - 2/o2/i2/2 - 2/o2/3 + 2/12/22/1 + 2/02/1 
= (2/02/3 + 2/12/2)(-a:l + 72/1 - 72/2 + 2/3)- 


Some reorganization and changes of sign show that the linear span of the above 15 polynomials is 
the same as the linear span of the following 15 polynomials: 


(2/22/3 - 2/02/1)(2/0 + / 372/1 + 071/1 + a^yl) 


(2/12/3 - 2/02/2) (2/0 + hVi + Oiiyl + Oi^yl) 

(2/12/2 - 2/02/3) (2/0 + hyl + Oiiyl + a^yl) 

(2/02/1 + 2/22/3)(2/0 - 2/1 - 02/1 + 02/i) 

(2/02/2 + / 32 /i 2 / 3 )( 2 /o - 2/1 - oyl + ayf) 

(2/02/3 - 72/12/2) (2/0 - 2/1 - 01/1 + 02/i) 

(2/02/1 - 01/22/3) (2/i + I3yl - 2/1 - / 32 /i) 

(2/02/2 + 2/12/3) (2/i + / 32/1 - 2/1 - / 32 /i) 

(2/02/3 + 72/12/2) (2/i + / 32/1 - 2/1 - / 32 /i) 

(2/02/1 + 01/22/3) (2/i - 72/1 + 72/1 - 2/i) 

(2/02/2 - / 32 /i 2 / 3 )( 2 /i - 72/1 + 72/1 - 2 /i) 

(2/02/3 + 2/12/2)(2/i - 72/1 + 72/1 - 2 /i) 

0 / 32 / 12 /i - o/ 3 i/li/i + / 3 yii/l - / 3 i/li/i + ai/ii /1 - ayli/i + 2 /i 2/1 - 2 /i 2/1 

hylyl - hyhl + lyhl - lyhl + Pylvl - Pvivl + vlvl - vlvl, 


ajyfyl - a-fylyl + aylyj - jy^yf + -fyjyl 


2 2 I 2 2 2 2 

02/02/3 + 2 /o 2 /i — 2/02/3 • 


The proof of Proposition 9.2 showed that Mi(u) 0 (u)''' = 0 for all u G ip so these 15 polynomials 
vanish at the points in ip. One can also check this directly by evaluating these quartic polynomials 
at u G ip. For example, it is obvious that yiyj vanishes on iPoo if i 7^ j from which it immediately 
follows that all 15 polynomials vanish on iPoo. As another example, 1/22/3 — yoyi, 2 / 12/3 “ 2/02/2) and 
2/12/2 — 2 / 02 / 3 : vanish on whence the first 3 of the 15 polynomials vanish on iPo; the other twelve 
polynomials belong to the ideal (i/q — 2/i)2/o “ 2/2: 2 /o “ 2/3) so they too vanish on iPo. As a final 
example, consider ip2. The first three quartics vanish on iP2 because 1/0 + / 372 /i + <^ 72/2 + otf^yl 
does. The second three quartics vanish on iP2 because 2/0 “ 2 /i “ cii/^ + oty^ does. The third three 
quartics vanish on ip2 because the ideal (2/02/1 “ “ 2 / 22 / 3 :2/02/2 + 2 / 12 / 3 : 2 / 02/3 + 72/12/2) does. The fourth 
three quartics vanish on ip2 because y^ — 72/f + 72/2 ~ 2/3 does. A calculation shows the last three 
quartics vanish on *P2. 
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Suppose these 15 quartics vanish at a point u E 

u E qi. 

The determinant 




To complete the proof we will show that 


/I 

/37 

ay 

a/3^ 

1 

-1 

—a 

a 

I 


-1 

-/3 

VI 

-7 

7 

-V 


-(1 + a/3 + /37 + qa)^ 


is non-zero: the hypothesis that a +/3-|- 7 -|-a /37 = 0 implies 1-|-a/3+ / 373-70 = (l-|-a)(l-|-/3)(l-|-7) 
which is non-zero because we are assuming that {a,/3,7} n {0,±1} = 0. Because the determinant 
is non-zero the polynomials 


yl +hvl + aiyl + oiliyl, 

yl-yl- (^y\ + ^tyh 

. l/o - 7 ^ 1 +72/2-2/3 > 


are linearly independent. Their linear span is therefore the same as that of {//q; 22i) 222 ) 223 }- Hence 
the common zero locus of the polynomials in (9-3) is empty and at most three of them vanish at u. 
We now do some case-by-case analysis to show that u belongs to some /p*. 

/Poo U ^ 0 - Suppose u is not in the zero locus of y\ -|- fi"iy\ + a'yy'^ + «/3223- Then 

(9-4) 2 / 02/1 - 222223 = 220222 - 221223 = 220223 - 221222 = 0 


at u. If one of the coordinate functions 220 ) 22i) 222 ) 223 vanishes at u, then three of do so 
(9-5) u E {(1, 0,0, 0), (0,1, 0,0), (0, 0,1, 0), (0, 0, 0,1)} = ^oo- 

If none of 220 ) 22i) 222 ) 223 vanishes at u, then it follows from (9-4) that 

u E {(1,1,1,1), (1,1,-1,-1), (1,-1,1,-1), (1,-1,-1,1)} = ^0- 
/Pi- Suppose u is not in the zero locus of yQ — yf — ay 2 + ay^ and not in fPoo U ^o- Then 

(9-6) yoyi + ^2223 = 2/02/2 -K Pyiys = 2/02/3 - 72/12/2 = 0 

at u. If one of 2/0)2/1)2/2) 223 vanishes at u, then three of them do so u E fPcxD- This is not the 
case so none of 2/0) 2/1) 2/2) 223 vanishes at u. Without loss of generality we can, and do, assume that 
u = (5c, 1 / 1 , 1 / 2 , 2 / 3 )- It follows from (9-6) that 2 / 0 ( 2 / 12 / 22 / 3 ) = /S7(22i2/22/3)^- Therefore be = 2/1222223- It 
also follows from (9-6) that / 371 /f = 71/2 = ~Py'^- Some case-by-case analysis shows that 

u E {{bc,—i,ib,c),{bc,—i,—ib,—c),{bc,i,ib,—c),{bc,i,—ib,c)} = ^ 1 . 

/P 2 . Suppose u is not in the zero locus of i/q -|- /3i/f — y 2 — f^y^ and not in /Poo U fPo- Then 

(9-7) 1/02/1 - ai/22/3 = 2/02/2 -K 2/12/3 = 2/02/3 72/12/2 = 0 

at u. As in the previous paragraph, 2/o2/i2/22/3 does not vanish at u. Without loss of generality we 
can, and do, assume that u = (ac, 1 / 1 , 1/2 ) 2 / 3 )- The same sort of analysis as that in the previous 
paragraph shows that 


u E {(ac, o, — i, ic), (ac, a, z, —ic), (ac, —a, —i, —zc), (ac, —a, i, zc) = ^ 2 - 
^3. Suppose u is not in the zero locus of i/q — 71/f -|- 71/2 — i/f and not in fPoo U iPo- Then 

(9-8) 1 / 02/1 -H ai/ 22/3 = 2 / 02/2 - /32/12/3 = 2/02/3 2 / 12/2 = 0 

at u. Proceeding as before, we eventually see that 


u E {(a5, za, 5, —z), (a5, za, —5, z), (a5, —za, 5, z), (a5, —za, —5, —z)} = fPs- 
This completes the proof that pr 3 (P) C fp. Thus pr 2 (P) = 
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By Lemma 9.1, pr 2 (P) = ^ also. Since W 2 ^) does not contain a line, the rank of Mi(u) is 3 for 
all u G pr]^(P). Let u G fp. Since Mi(u)0(u)''' = 0, ^(u)''' is the only v G such that Mi(u)v''' = 0. 
Hence (u, 0(u)) is the only point in pr^^(u). It follows that V = {(u, 0(u)) | u G^l}. ■ 

Proposition 9.5. The central element 0 = yQ+Vi+y^ + y^ does not annihilate any point modules 
for Q. Consequently, B has no point modules. 

Proof. Let u G fp. 

To describe the action of 0 on Mu we must hx a basis for Mu. We pick a basis for Mu that 
is compatible with the entries in Table 4. To do this it is helpful, for a moment, to think of the 
entries in Table 4 as points in k^. Suppose u = (5o) <^ 2 ) f^s). Let cq be any non-zero element in 

(Mu)o- Let ei be the unique element in (Mu)i such that yico = SiCi for i = 0,1,2,3. Likewise, 
if {5'q, 82 , is the entry in Table 4 for 0(u), there is a unique element 62 G (Mu )2 such that 

yiCi = 5-62 for 1 = 0,1, 2,3. 

If u G ^oo) then 0eo = 62 . If u G then 0eo = 4 e 2 . 

Let u = ( 6 c, —i, —16, —c) G fPi. Then 0(u) = ( 6 c, —i, ib, c). Therefore 

0 co = (2/0 + 2/1 + 2/2 + l/D^o 

= {bcyo - iyi - iby 2 - 01 / 3)61 
= (( 6 c)^ - 1 -k 6 ^ - c^)e 2 
= {fd- 1)(7 + l)e 2 

Likewise, if u = {bc,i, —ib,c) G fPi, then 0(u) = (bc,i,ib, —c) and a similar calculation shows that 
060 = (/3 - 1)(7 + 1 ) 62 . Thus, 06o = (/3 - 1)(7 + l)e 2 for all u G fPi. 

Similar calculations show that 06o = {a + 1)(7 — l)e 2 for all u G ^ 2 - Finally, if u G fPs, then 
06o = (a - l)(/3 + 1 ) 62 . ■ 


9.4. Not only do the relations for Q determine V, but V determines the defining relations for 
Q: the quadratic relations for Q are precisely the elements of that vanish at V. This is a 
consequence of the following remarkable result. 

Theorem 9.6 (Shelton-Vancliff). [27] Let V be a 4-dimensional vector space and R C a 6- 
dimensional subspace. Let TV denote the tensor algebra on V and let V C P(l/*) x P(l/*) he the 
scheme-theoretic zero locus of R. If dim(P) = 0, then 

R = {fGV^^\f\r = 0}. 

9.5. There has been some interest in Artin-Schelter regular algebras with Hilbert series (1 — t)~‘^ 
that have only finitely many point modules [41], [26], [36], [37]. The interest arises because this 
phenomenon does not occur for Artin-Schelter regular algebras with Hilbert series (1 — t)~^] the 
point modules for the latter algebras are parametrized either by a cubic divisor in P^ or by P^. In 
1988, M. Van den Bergh circulated a short note showing that a generic 4-dimensional Artin-Schelter 
regular algebra with Hilbert series (1 — t)~'^ has exactly 20 point modules [10]. Van den Bergh’s 
example is a generic Clifford algebra. In particular, it is a finite module over its center. 

Davies [8, §5.1] shows, when the translation automorphism has infinite order, that Q is not 
isomorphic to any of the previously found examples of 4-dimensional regular algebras having 20 
point modules. 


Proposition 9.7. The point modules Mu for u G fPoo U fPo are quotient rings of Q. // u = 
(Aq, Ai, A 2 , A 3 ) G fPoo U fPo, then 


Mu 


_ Q _ 

{Xjyi - Xiyj I 0 < z,j < 3) 


k[t]. 
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Proposition 9.8. The scheme-theoretic zero locus in x P^ of the relations for Q is a reduced 
scheme with 20 points. 

Proof. (Van den Bergh [10].) We have already seen that the relations for Q vanish at 20 points in 
P^ X P^. Let X denote the image of the Segre embedding P^ x P^ — )• P^^. If we view P^^ as the 
space of 4 X 4 matrices, then X is the space of rank-one matrices. By [12, §18.15], for example, the 
degree of X is ( 3 ) = 20. The 6 dehning relations for Q are linear combinations of terms XiXj which, 
under the Segre embedding, become linear combinations of the coordinate functions Xij. Hence 
the vanishing locus of the relations in P^® is the vanishing locus of 6 linear forms, hence a linear 
subspace, L say, of dimension 9. Hence, by Bezout’s Theorem, if the scheme-theoretic intersection 
L n V is hnite it has degree 20. But, Lf\X consists of 20 different points so it is reduced. ■ 

10. Secant lines to E and line modules for Q 

The relevance of this section will become apparent in §11 when we construct some line modules 
for Q that are parametrized by certain lines in P((2i). To make the word “parametrized” precise 
we will show that the parametrizing space is a closed subvariety of the Grassmannian of lines in 
P(Q^). 

10.1. Secant lines. The second symmetric power of E is the quotient variety S'^E := {E x E)I'L 2 
where Z 2 acts by (p, q) 1 —)• {q,p). We think of the points in S'^E as effective divisors of degree 2 on 
E and write (p) -|- (q) for the image of (p, q) & E x E. 

Because the quartic curve E C P(Qi) = P^ has no trisecants, there is a well-dehned morphism 
E X E ^ G(l, 3) that sends {p,q) ^ E x E to pq, the line in P(Qi) = P^ whose scheme-theoretic 
intersection with E is (p) -|- (q). By the universal property of the quotient {E x E) /Z 2 this morphism 
factors through a morphism 7 : S'^E G(l,3). The image of 7 is a closed subscheme of G(l,3) 
called the variety of secant lines to E. See [12, Ex. 8.3], for example. 

Proposition 10.1. The map ^ : S‘^E —>■ G(l,3) defined by j[{p){q)) :=pq is a closed immersion. 

Proof. The morphism 7 is injective because E has no trisecants, so it suffices to argue that the 
image of the morphism is smooth. This follows from the standard description of the singular points 
of a secant variety: a line in the image of 7 is singular if and only if it is a trisecant (see e.g. the 
discussion on page 312 of [12] regarding Exercise 16.11 in that book). ■ 

10.2. The line modules Mp g. A line module for Q, or Q, is a cyclic graded module whose Hilbert 
series is (1 — t)“^. 

Theorem 10.2. [16, Thin. 4.5] The function that sends (p) -|- (q) G S‘^E to QfQx Qx' where 
pq = {x = x' = 0} is a bijection from S'^E to the set of isomorphism classes of line modules for Q. 

If (p) -|- (q) G S^E and ^ = {x = x' = 0} we write Mp^q := QjQx -\- Qx'. 

10.3. In §11 we will show that if y = y' = 0 is a line in P((5][) = P(Qi) that meets E at 
(p) + (p + 0 for some p G E and f G E[2] — {o}, then QIQy + Qy' is a line modules for Q. 
Such lines will be parametrized by the subscheme of G(l,3) that is the image of the composition 
E/{f) ^ S^E ^G{1,3). 

Lemma 10.3. The morphism /3 : E/{f) — >• S'^E defined by f5{p -\- {Q}) = (p) + (p + 0 ® closed 

immersion. 

Proof. It is clear that ft is injective as a set map on the closed points of E/(^), so it suffices to 
prove that its derivative is one-to-one on each tangent space, or equivalently that the composition 
of j3 with the etale map vr : E —?• E/(^) has this same property. 
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The composition /Jtt is 

Ex S^E, 

where the left hand arrow sends p to (p,p + C) a.nd the right hand arrow is the quotient morphism. 
Since the latter is etale off the diagonal A G E x E and the former is a closed immersion into 
E X E \ A the conclusion follows. ■ 


11. Line Modules for Q 

11.1. In this section we exhibit three families of line modules for Q parametrized by the disjoint 
union of the three elliptic curves E/{^) as ^ ranges over the three 2-torsion points of E. The 
isomorphism classes of the line modules parametrized by E/{^) are in natural bijection with the 
lines p,p + ^, p & E] the union of these lines is an elliptic scroll in P(S'|). 

These are not all the line modules for Q. 

11.2. By Proposition 7.7, the elements in T = { 70 , 71 , 72 , 73 } and E\l\ = (Co,Ci,?2,C 3 } niay be 

labelled in such a way that Thus, 7* 0 = Mp^q® Mr^s for all 7 G T 

if and only if {p, q, r, s} is an i?[2]-coset. 

11.3. Recall that Q' = Q ® M 2 {k). The next result follows from Proposition 3.9. 

Proposition 11.1. The function M 1 —>■ is a bijection from isomorphism classes ofT-equivariant 
Q'-modules with Hilbert series 4(1 — to isomorphism classes of Q-line modules. 

By Morita equivalence, a P-equivariant Q'-niodule M with Hilbert series 4(1 — t)~‘^ is isomorphic 
to N ® k'^ for some Q-module N with Hilbert series 2(1 — (a “fat line” of multiplicity two 
over Q). Moreover, by the remark in §11.2, the equivariance ensures/requires that the isomorphism 
class of M is invariant under translation by the 2-torsion subgroup. 

The main ingredient in constructing Q-lines will be Q-modules with Hilbert series 2(1 — t)~‘^. 
The obvious such modules are those of the form Mp^q 0 Mr^s where the invariance condition requires 
{p,q,r,s} to be an i?[2]-coset. Theorem 11.6 will provide the examples announced in §11.1. 

Lemma 11.2. Let G E/E[2] and let and oj be 2-torsion points. Define 

(11-1) := (Mp^p+^ 0 Mp+g/^p+g//) 0 

where p is any point in E such that x = p + E[2]. 

(1) The Q'-module does not depend on the choice of p. 

(2) ^ if and only if = {y,uj). 

(3) The map ^ : k^ x k^ ^ AuIq/ <1>(A, A')(m, m') := is an isomorphism. 

Proof. Let i?[2] = (o, C, e',H- 

(1) Suppose X is also the image of g G S. Since 0 

+ + + = {{P,P + Cl, {P + C',P+ ?"}}• 

Therefore Mp Mp_|_^/^p+^» = 0 Mg_|_^/^g_|_^//. Hence does not depend on the choice 

of p. In particular, if (x,^) = {y,u), then 

(2) Suppose that the Q'-modules and My^^^ are isomorphic. Let g G Li be be such that 
y = q + E[2]. By Morita equivalence, there is an isomorphism of Q-modules 

^p,p+i ® ^p+i',p+^" ~ ,q+i^ 

where Li[2] = {o, cu, u)', a;"}. Since isomorphism classes of line modules for Q are in natural bijection 
with effective divisors of degree 2 on E, 

{{q,q + u},{q + J,q + uj''}] = {{p,p + ^}, (p + ^',p + C"}}- 
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It follows immediately from this equality that q + E\l] = p + E\l], i.e., x = y. Since to can be 
recovered from {{g, g + to}, {q + uj' ,q + w"}} as the difference between the elements in {q, q + uj} 
and also as the difference between the elements in {q + uj' , q + uj''} , it follows that uj = ^. 

(3) Every line module for Q is cyclic so its graded automorphism group is isomorphic to , each 
A G acting on the line module by scalar multiplication. 

By Morita equivalence, AutQ'{Mx^^) = Autg x where the iso¬ 
morphism is because ^ Mp_|_^/^p+^//. An automorphism (A, A') G {k^)‘^ acts on = 

(Mp_p+^ © k'^) © (Mp+^/^p+^// © A:^) as multiplication by A on the first summand and multiplication 
by X' on the second summand. ■ 

Lemma 11.3. Let E[2] = {o, Let x G E/E[2] and write M = 

(1) 7/7 G r, then 7 *M = M as Q'-modules. 

( 2 ) 7 /7 G r and a G AutQ'(M), then there is a unique element 700 G AutQ/(M) such that 


M -> 7*M 


7>a 


7 * (a) 


M-> 7*M 


commutes for all isomorphisms : M ^ M. 

(3) The map ( 7 , a) i-a 7 > a defines a left action ofT on AutQ/(M). 

(4) If we identify k^ x k^ with Autg/ via the isomorphism <I> in Lemma 11.2, then the 

T-action on AutQ'(M) is 

^i>(A,A') = (A,A') and > (A, A') = ^ > (A, A') = (A', A) 
for all (A, A') e k^ x k^. 

Proof. Let p G 77 be such that x = p -\- E[2]. Thus M = (Mp^p+^ © Mp_|_g/^p+^//) © 7^. 

(1) This follows from the remark in §11.2. 

(2) Choose an isomorphism : M ^ 7 *M. Define 70 a := Certainly the diagram 

commutes. If : M —)• 7 *M is another isomorphism, then is a multiple of by an element 
in AutQ/( 7 *M). But AutQ'( 7 *M) is abelian so = p~^'y*{a)p-y. 

(3) This is standard. See, for example. Lemma A.l. 

(4) By Proposition 7.7, ^*Mp_p+^ = Mp^p+^ and f,*Mp^^i= Mp+^/^p+^/z so preserves the 

summands Mp^p^^ © 7^ and Mp+^z^p+^/z © 7^. Therefore ^ acts on (7^)^ trivially. On the other 
hand, (^')*Mp^p+^ = {(^")*Mp^p^^ = Mp+^z p_,_^zz so and act on (7^)^ by switching the two 
components. ■ 

A T-equivariant structure on a Q^-module M is the same thing as a left QLmodule M endowed 
with a left action T x M ^ M, ( 7 ,m) eA , such that {xmp = 'y{x)m"' for all x G Q', m G M, 
and 7 G T. We adopt this point of view several times in the rest of this section. 

Recall that the action of T as automorphisms of Q' is defined in terms of the actions of T as 
automorphisms of Q and M 2 (7) (see §6.4). 

Lemma 11.4. Let N be a graded left Q-module that is generated by Nq. The function that sends 
a T-equivariant structure {p-^ : N ® k"^ — > 7* (TV © 7^) | 7 G T} on the Q'-module N ® k"^ to the 
T-equivariant structure W'y\ ■ TVo©7^ — > 7*(A^o®7^) | 7 G T} on the M 2 {k)-module NQ'S)k‘^ 
is injective. 

Proof. Certainly, if the maps {p-^ : N (^k"^ —> 7 * (TV © 7^) | 7 G T} give N k"^ the structure of 
a T-equivariant Q'-module, then their restrictions to the degree zero components give Nq © 7^ the 
structure of a T-equivariant M 2 ( 7 )-module. 
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Since Q' is generated as an algebra by Qq and Q'^, the formula {xmy = 7 (x)m'^ implies that 
the action of 7 on Nn+i ® k'^ is completely determined by the action of 7 on iV„ ® k'^. Thus, if two 
T-equivariant structures on (g) agree on Nq (g) k'^, then they agree on N. ■ 

11.3.1. Warning. The result in Lemma 11.4 does not extend to a result saying that two equivari- 
ant structures on N are isomorphic if and only if their restrictions to Nq (g) are isomorphic. 
Proposition 11.5 says that all T-equivariant structures on Nq (g) are isomorphic to each other. 

The group T acts as fc-algebra automorphisms of M 2 (fc), We fixed a basis for such that a; E T 
acts on M 2 {k) as conjugation by the quaternionic basis element defined in §6.4. We use that 
basis in the next result. 

Proposition 11.5. Fix € T such that q(^,qri,Q^ ® cyclic permutation of qi,q 2 ,q 3 . 

(1) Let : M 2 {k) M 2 {k), a; E T, be the linear isomorphisms that take the following values 

on the basis l,q(^,qri,q^ for M 2 {k): 


q 

1 


qv 

% 

Mq) 

1 

qc 

qr, 

qc 

4 >dq) 

1 

qc 

-qv 

-qc 

f’dq) 

1 

-qc 

qr, 

-ic 

Mq) 

1 

-<ic 

-qv 

% 


Table 4. Action of T on M 2 (A;) 


The action ofT on M 2 (A:) given by the maps (p^, together with the action of M 2 {k) on M 2 (Ac) 
by left multiplication, gives M 2 (A;) the structure of a T-equivariant left M 2 {k)-module. 

(2) Every T-equivariant M 2 {k)-module is isomorphic to a direct sum of copies of theT-equivariant 
M 2 {k)-module in (2). 

(3) LetV he a finite dimensional T-equivariant M 2 {k)-module. As aT-module, V is isomorphic 

to a direct sum of copies of the regular representation. If u G then the (+1)- and 

{—T)-eigenspaces for the action of uj on V have dimension idimfc(l/). 

Proof. (1) Whenever a group T acts as automorphisms of a ring R, R viewed as left ii-module via 
multiplication is a T-equivariant i?-module with respect to the action of T as automorphisms of R. 
The value of (pto{qoj') in the table is qwQtj'flif^ so, by the previous sentence, this action of T makes 
M 2 (A:) a T-equivariant M 2 (A:)-module. 

(2) By Lemma 3.1, there is an equivalence from the category of T-equivariant M 2 (A:)-modules 
to the category of vector spaces, the functor implementing the equivalence being M -w M^. Since 
M 2 {k)^ = k, the result follows. 

Alternatively, a T-equivariant left M 2 (A:)-module is the same thing as a left module over the skew 
group ring M 2 {k) x T which has dimensionlG; the T-equivariant M 2 (A;)-module in (2) is irreducible 
of dimension 4 so we conclude that M 2 (A:) x T = M^^k). The result follows. 

(3) follows from (2) because M 2 {k) is isomorphic as a T-module to the regular representation. ■ 

Theorem 11.6. Let E\pi] = {o, Let M he the Q'-module (Mp^p_|_^ © Mp+g/^p_|_^/_|_|) © 

(1) There are exactly two T-equivariant structures on M up to isomorphism. 

(2) The group H^{T, Autqi{M)) acts simply transitively on this two-element set. 

(3) Up to isomorphism one equivariant structure is obtained from the other by interchanging 
the (+1)- and {—T)-eigenspaces for the action off, on M and simultaneously interchanging 
the (+1)- and {—T)-eigenspaces for the action of ff on M, and leaving the (+1)- and 
{—T)-eigenspaces for the action of f unchanged. 
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Proof. If X = p + -E[2], then M is the module in Lemmas 11.2 and 11.3. 

Step 1: Existence of an equivariant strncture. Let : M ^ 'y*M, 7 E L, be arbitrary 
QLniodule isomorphisms. An arbitrary choice of such isomorphisms need not give an equivariant 
structure on M; i.e., there is no reason the diagrams (8-3) should commute. The failure of (8-3) to 
commute is measured by the elements 

( 11 - 2 ) °h,6 0 7*(P6)oP'r, 

in AutQ'(M) where is as in (8-3) and the right-hand side of (11-2) is the clockwise composition 
of the automorphisms in (8-3). 

A tedious calculation (see Lemma A. 2) shows that the function ( 7 , 5) >->■ is a 2-cocycle for 

r valued in the L-module AutQ'(M) = (A:^)^ defined in Lemma 11.3. Let E L — (^). Since 
r = (^) X (^') it follows from the Hochschild-Serre spectral sequence 

(11-3) Ef = (k^?)) => ^“+'(r, 

and the cohomology of Z/2 that H‘^{T is trivial. Hence the obstruction cocycle is 

cohomologous to zero. Thus (a5,..y) is the coboundary of some function T —)• AutQ/(M), 7 i->- 
the isomorphisms now form an equivariant structure on M. 

Step 2: Classification of equivariant structures. By Step 1, there is at least one T- 
equivariant structure on M. Suppose the maps ip.y : M ^ 7 E T, provide such an equivariant 

structure. 

Let {ip.y).y£r be another equivariant structure on M. Running through the compatibility condi¬ 
tions comprising equivariance, the maps a.y = can be seen to form a 1 -cocycle of T valued 

in the T-module AutQ/(M) = We similarly leave it to the reader to check that cocycles (a.y) 

and (al^) give rise to isomorphic equivariant structures 

= Lp^a.y and 

if and only if they are cohomologous. In other words, the set of isomorphism classes of equivariant 
structures on M is acted upon simply and transitively by H^{T, (k^ )^). Using the Hochschild-Serre 
spectral sequence once more we get H^{T, (A:^)^) = Z/2 (see the proof of (3) below). 

This completes the proof of (1) and (2). 

(3) The Hochschild-Serre spectral sequence yields an isomorphism 

(11-4) H\T, AutiM)) ^ , H\{0, {k^^)) ■ 

Since interchanges the two copies of A:^, the term in the second summand vanishes so we are 
left with a natural isomorphism 

H\T,Ant{M)) - H\{0,k^) - Hom^((0, A:^), 

where this time k^ is the diagonal subgroup of AutQ'(M). 

The function / : T AutQ/(M) defined by /(O = /(f+ 0 = (-1, -1) and /(o) = f{C) = (1,1) 
is a 1-cocycle whose class [/] in LA^(r, Aut(M)) is non-trivial. If the Q^-module isomorphisms 
{(j).y : M —)• 7 *M I 7 E r} give M a T-equivariant structure, then the T-equivariant structure on M 
associated to the result of [/] acting on the given equivariant structure is given by the isomorphisms 
{</’7 o f{l) '■ M 'j*M I 7 E r}. Recall that 7 *M is M as a graded vector space. The (-1-1)- 
eigenspace for the action of ^ on M with equivariant structure { 07 } 7 er is {m E M \ = 

m} which is the (—l)-eigenspace for o /(^). Likewise, the (—l)-eigenspace for the action of 
4>^+^' o /(^ + C0 is the (-l-l)-eigenspaces for the action of On the other hand, the eigenspaces 

for are the same for both equivariant structures on Mx^^. H 
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11.3.2. There is a lack of symmetry in part (3) of Theorem 11.6: the eigenspaces for ^ are 
switched but those for are not. The explanation is that the equivariant structure obtained by 
interchanging the eigenspaces for but not ^ (but still exchanging the eigenspaces for is 
isomorphic to that obtained by switching the eigenspaces for ^ but not those for . 

11.3.3. The proof of Theorem 11.6 illustrates a familiar pattern in obstruction theory. The class 
of structures we are interested in, isomorphism classes of equivariant structures in this case, is a 
pseudotorsor over a cohomology group. Whether or not it is empty is controlled by an obstruction 
living in a cohomology group, for us, as in Step 1 of the proof, and when this obstruction 
vanishes the cohomology group of one degree lower, in our case, acts on the class of structures 
simply transitively. 

11.4. An explicit equivariant structnre on Let denote both the 2-torsion 

points on E and the corresponding elements in T, labelled so that the action of T as automorphisms 
of M 2 {k) is such that each acts as conjugation by the element qj in ( 6 - 2 ). 

Let p £ E and let x = p -|- (.^i) G E/{^i). Let M = © Mp_|_g 2 ,p+ 53 ) ® ^ 

basis e for the degree-zero component of Mp^p+g^ and a basis e' for the degree-zero component of 

^^P+^2,P+^3- 

If n = ('j’) and v = (J), then 

Qiu = —iu, q 2 U = iv, q^u = —v, 

qiv = iv, q 2 V = iu, q^v = u. 

Lemma 11.7. Let Pqxq + /3ixi +/ 32 X 2 + P 3 X 3 be a linear form that vanishes at p andp + f,i. Then 

( 1 ) the line through p and p + is jd^x^ + fdixi = ( 52 X 2 + ^ 3 X 3 = 0 , 

( 2 ) the line through p + f ,2 o,nd p + ^3 is PqXo — /dixi = / 32 X 2 — ^ 3 X 3 = 0 , 

(3) fdoyo + iPiUi and i/ 322/2 + /d 3 y 3 annihilate e® u + e' ® v and are linearly independent, and 

(4) /3oyo — i/3i2/i and i/ 322/2 — /332/3 annihilate e® v + e' ®u and are linearly independent. 

Proof. By Lemma 8.5, at least three of the coordinate functions xo.xi,X 2 ,X 3 are non-zero at p. 
Thus (/3o,/3i) 7 ^ (0,0) and (/ 32 ,/ 33 ) / (0,0). Therefore the equations in (2) and (3) really do define 
lines in P((5i). It also follows that /3o2/o + i/3i2/i and i/ 322/2 + /332/3 are linearly independent. 

(1) Translation by leaves the set {p,p + Ci} stable so ^i(/3oXo + fdixi + ( 32 X 2 + / 33 X 3 ) also 
vanishes at p and p + 6 - Since f,i{(3oXo + PiXi + ( 32 X 2 + P 3 X 3 ) = (3oXo + (dixi - ( 32 X 2 - ( 33 X 3 , (1) 
follows. 

(2) Since translation by ^2 sends {p,p+ii} to {p+f. 2 ,P+£. 3 }, ^2i(3oXo +(dixi) and f2{(32X2 +( 33 X 3 ) 
vanish at p + ^2 and p + ^ 3 - Thus (2) is true. 

(3) Since 

yo ■ {e® u + e' ® v) = (xq ® qo) ■ {e® u + e' ® v) 

yi ■ {e ® u + e' ® v) = {xi ® qi) ■ {e ® u + e' ® v) 

y 2 ■ {e ® u + e' ® v) = {x 2 ® q 2 ) ■ {e ® u + e' ® v) 

y 3 - {e®u + e' ®v) = {X 3 ® q 3 ) ■ {e ® u + e' ® v) 

(/3o2/o + i/3i2/i - i/ 322/2 - /332/3) ■ {e®u + e' ®v) equals 

(/3oXo +/3ixi)e © u + {( 32 X 2 + ( 33 X 3)0 ® v + {(32X2 - ( 33 X 3 ) 0 '® u + (/3oXo -/3ixi)e'© u. 

Since e G (Mp^p+^Jo h follows from (1) that {(3qXq + (3iXi)e = {( 32 X 2 + ( 33 X 3)0 = 0. Since e' G 
(Mp_|_g 2 ,p+ 6 )o it follows from (2) that {(3qXq — (3iXi)e' = {( 32 X 2 — ( 33 X 3 ) 0 ' = 0. Therefore (3) is true. 
The proof of (4) is similar. ■ 


= XqC ® U + Xqo' © v, 

= —ixie®u + ixie'®v, 

= ix2e © u + ix2e' © u, and 
= —X3e®v + X3e'®u, 
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e 0 u 

e0 V 

e' 0 u 

e' 0 v 

4>i 

e 0 u 

—e 0 v 

—e' 0 u 

e' 0 v 

4>2 

e' 0 v 

e' 0 u 

e0 V 

e 0 u 


Table 5. Equivariant structure on Mq 


Let (j)Q be the identity map on Mq and let </>i, </>2 G GL(Mo) be the linear automorphisms which 
act on the basis {e®u,e®v,e'® u, e' 0 u} as in Table 5. 

Let (j )3 = 4 >i 4 ' 2 - 

The following observation is elementary. 

Lemma 11.8. Let a be an element in a ring R such that = 1. There is a group homomorphism 
Z/2 —?■ Aut(i?) given by sending the non-identity element to the automorphism b i—?■ aba~^. Let 
M be a left R-module and define the group homomorphism Z/2 —)• Autz(Tf) by sending the non¬ 
identity element to the automorphism m eA am. This action o/Z/2 makes M a T,/2-equivariant 
R-module. 

Theorem 11.9. Let each act on Mq as the linear map in Table 5. 

(1) This action of T on Mq extends to an action of T on M that makes M a T-equivariant 
Q'-module. 

(2) The Q-line module M^ is generated by e® u -\- e' ® v. 

(3) If I3 qXq-\- fiixi = / 32 X 2 + fisXQ = 0 is the line in P(Q|) that passes through p andp + fi, then 

the line in P(Qi) corresponding to M^ is fioPQ + ifiiyi = i/32?/2 + = 0- 

Proof. (1) We will use Lemma 11.8 to show that Mq is a L-equivariant M 2 (/c)-module. 

First, consider the action of by fii on e® k'^. With respect to the ordered basis {e (8) n, e G n}, 
acts on e (8) as multiplication by 1 (8) (o_i)- The action of on M 2 {k) is 6 eA qibqf^. 
Since conjugation by qi is the same as conjugation by (J Lemma 11.8 tells us that 0 0 k'^ is a 
(^i)-equivariant M 2 (fc)-module. 

Now consider the action of by on e'® With respect to the ordered basis {e 0 u,e 0 v}, 
acts on e' ® kf as multiplication by 1 ® (~q °). Since conjugation by qi is the same as conjugation 
by (~Q Lemma 11.8 tells us that e' ® is a (^i)-equivariant M 2 (A:)-module. 

Thus, Mq is (^i)-equivariant M 2 (fe)-module. A similar argument shows that Mq is a 
equivariant M 2 (A:)-module for the other j’s. Since </>i, </' 2 ) </> 3 } is a subgroup of GL(Mo) iso¬ 
morphic to r, these Z/2-equivariant structures fit together to make Mq = (e ® A:^) © (e' ® k"^) a 
L-equivariant M 2 (A:)-module. 

To extend the equivariant structure to all of M, simply define automorphisms fii of M by 

fifiam) = f,i{a)(f)i{m), Vo G Q', m G Mq. 

That this action is well-defined boils down to checking that whenever a ^ Q' annihilates m G Mq, 
f,i{a) annihilates fifim). For this it suffices to assume that m is an eigenvector of fii (since Mq 
breaks up as a direct sum of L-eigenspaces), and hence to prove that 

am = 0 => ^i{a)m = 0, Vo G Q', m G Mq. 

The conclusion follows from the fact that all twists ^*M are isomorphic to M as Q'-niodules 
(because we already know there are equivariant structures on M). 

(2) By Proposition 11.1, M^ is a line module for Q. One sees from Table 1 that e 0 u e' 0 v 
is in Mq so it generates the Q-line module M^. 

(3) The correspondence between line modules for Q and lines in P(Qi) is given by sending a line 

module QjQy + Qy' to the line y = y' = 0. Thus, (3) follows from Lemma 11.7(3). ■ 
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11.5. 3 elliptic curves parametrizing some line modules. Let G(l,3) be the Grassmannian 
of lines in P((5^). There is a bijection 

G(l, 3) <—> {isomorphism classes of cyclic graded Q-modules with Hilbert series 1 + 2t} 

given by the function sending a line y = y' = 0 to the module QjQy + Qy' + Q >2 and its inverse 
which sends a cyclic graded Q-module N with Hilbert series 1 + 2t to the vanishing locus of the 
subspace of Qi that annihilates A^o- 

Let L be a line module for Q. The Hilbert series for L/L >2 is 1 + 2t so L determines a point in 
G(l,3). Since L = Q/Qy + Qy' for some linearly independent elements y,y' G Qi, the isomorphism 
class of L is determined by the isomorphism class of L/L> 2 - Thus, there is a well-defined map 

{isomorphism classes of line modules for Q} —?• G(l,3). 

Proposition 11.10. Let g : P(Q{) —^ P(<3i) be the isomorphism induced by the linear isomorphism 

Qi Qi, 

yo i-A-xo, yie^-ixi, y 2 '-^-ix 2 , ys'-^xs. 

The function f : E/{f^i) —>■ G(l,3) defined by 

/(p + (?i)) ■= githe line in P(Q{) that passes through p and p + Ci) 

is a closed immersion and f[E/{^i)) parametrizes the isomorphism classes of T-equivariant Q'- 
modules of the form x G E/E[2]. Ifx = p+E[2], then the lines f [p+{f,i)) and f [p+f ,2 + {f,i)) 

correspond to the two non-isomorphic equivariant structures on ■ 

Proof. The map that sends a point p ^ E to the line through p and y -|- is a morphism from E to 
the Grassmanian of lines in P((5{). Composing that map with g gives a morphism h : E ^ G(l, 3). 
Since h{p) = h{p + f,i), h factors as a composition 

(11-5) E^E/{^^) 

where the first map is the quotient map and the second is /. By the universal property of the quo¬ 
tient map, / is a morphism. In fact, / is the composition 7/3 of the two maps from Proposition 10.1 
and Lemma 10.3 and hence is a closed immersion. 

The line in P(Q{) through p and y -|- is of the form fioxo + fiixi = ^ 2 X 2 + ^ 3 X 3 = 0. Therefore 
f{p + (6)) is the line g{fioXo + fiixi) = y(/3^X2 -h fisxs) = 0, i.e., the line i/3oyo - fiiVi = /32y2 - 
ifi 3 y 3 = 0- Thus, /(y -|- (^ 1 )) is the line in P(Q{) that corresponds to the Q-line module, , that 
corresponds to the T-equivariant structure on M = with the equivariant structure described 

in Theorem 11.9. ■ 

There are versions of all the results in §11.4 with ^2 and ^3 in place of ^ 1 . In particular, by 
Proposition 11.10 there are morphisms E/{^i) —>■ G(l, 3), E/{^ 2 ) —^ G(l, 3), and E /—)• G(l, 3). 
It is easy to see that these morphisms are injective but we have not yet shown that the images are 
smooth. It is clear that the images of these morphisms are disjoint from one another. 

Theorem 11.11. The set of T-equivariant Q'-modules in Theorem 11.6 is parametrized by 

{E/{0) U {E/{i')) U {E/{i")) 
where 'Is the set of 2-torsion points on E. 

In fact, we can say more about these three components of the scheme of line modules. We will 
say that a closed subscheme of a projective space is spatial if its inclusion factors through some 
linear P^ C P'^ but not through a linear P^ C P'^. 

Proposition 11.12. For each 2-torsion point ^ the elliptic curve E/{^) C G(l,3) C P^ is spatial 
of degree four. 
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Proof. That E/{f) is contained in a C follows from its construction in Proposition 11.10. 
Indeed, suppose in order to fix notation that ^ and denote E = E/{ff). If the Pliicker 

coordinates of the line 

3 3 

= Z] ^ 0 ^ = 0 

j=0 j=0 

are the minors My, 0 < i < j < 3 of the matrix 


M = 


Ao 

V^o 


Ai 

A'l 


A2 A3 \ 
A'2 A'; 


supported on columns i and j, then the two coordinates Mqi and M 23 vanish on E by part (3) of 
Theorem 11.9. 

The fact that E is not contained in a P^ will follow once we prove that the degree of the embedding 
into P^ is four, as claimed in the statement. 

To check the degree assertion we will intersect E with a hyperplane section of G(l,3) C P^, 
judiciously chosen so that it is not tangent to E and the number of intersection points is clearly 
four. 

For every line i in P^ the collection of all lines in G(l,3) intersecting I is a, hyperplane section 
Hi of G(l, 3) C P®. Let £ = pg be a secant line of E. The points in E f\Hi are the classes modulo 
{f) of those u G E for which the secant line u{u + intersects i. 

If 

( 11 - 6 ) + C and 3p + q + ^j^0, p + 3q + f,j^0 

then there are exactly four such classes modulo (^), namely those of p, q, u and u + (,', where 
u+{u + £,)+p + q = 0 and E[2] - {0} 3 ff ^ f,. _ 

It remains to check that p,q G E can be chosen so that Hi is not tangent to E at any of the four 
points where they intersect, in addition to satisfying ( 11 - 6 ). 

Identify, as usual, the tangent space to G(l,3) at some line m (simultaneously regarded as a 
2-plane in the 4-dimensional vector space V) with the space of linear maps m —)• Vim. Generally, 
we will conflate linear subspaces of V and their projectivized versions. 

For any u G E, the tangent line to E C G(l,3) at u{u -|-^) can be identified with the space of 
linear maps u{u + f,) — )• V/u{u + f,) that send the lines u and u + in V to the 2-planes TuE and 
T^j^^E in V respectively modulo u(u + ^). 

On the other hand, reverting to the notation introduced above for u G E so that 2u+f^+p+q = 0, 
the tangent space at u{u -|- C) ^ G(l) 3) to Hi consists of those linear maps u{u -|- ^) ^ Vju{u + |) 
that send the intersection ,s =pqr\ u{u + f.) to pq modulo u{u + ^) (see e.g. [12, Example 16.6]). 

Since the line s C E is in the span of u and u we would be certain that the tangent space in 
the previous paragraph does not contain the tangent line described two paragraphs up if we knew 
that the tangents to E at r and u + are coplanar. This is indeed the case if Au = 0, so simply 
take u G E[4\ and afterwards select p and q so that (11-6) holds. ■ 


11.5.1. There is another perspective on the T-equivariant Q'-niodules parametrized by E/{f). The 
family of QLjxiodules is parametrized by x G E/E[2]. The quotient of the fundamental groups, 
7ri(E/E[2])/7ri(E/(^)), which is naturally isomorphic to E[2]/(^), acts freely and transitively on 
each fiber of the natural map E/{^) -G E/E[2]. If we identify the fiber over x with the set of 
isomorphism classes of equivariant structures on Mx^^, then H^{T, Ant{Mx^^)) also acts on the fiber 
over X. As the paragraph explains, these actions of E/{f) and Lf^(F, Aut(Mj;^^)) on the fibers are 
compatible in a natural way. 

The Weil pairing (•, •) : E[2] x E[2] -G p 2 = {=tl} C is a non-degenerate skew-symmetric 
bilinear form on E[2] viewed as a 2-dimensional vector space over F 2 . Since (^,^) = 1, there is an 
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induced non-degenerate bilinear map (^) x E[2]/{S) —>■ ^2 or, what is essentially the same thing, a 
group isomorphism 

E[2]/{£) Homz((e),// 2 ) = Homz((0,fc^) = Aut(M,,^)) 

where the right-most isomorphism was established in the proof of Theorem 11.6(3). 

11.6. Under quite general conditions, which Q satisfies, Shelton and Vancliff prove that every 
irreducible component of the scheme parametrizing the line modules has dimension > 1 [27, Cor.2. 6 ] 
and that every point module is a quotient of a line module [27, Prop.3.1]. We will investigate this 
relationship in a subsequent paper. We also show there that the line modules for Q described above 
are not all the line modules. 


Appendix A. Equivariant structures 


A.l. Groups acting on categories. An action of a group T on a category C consists of data 
{a* I q;,/ 3 G r} where each a* : C —C is an auto-equivalence and each ta,j 3 '■ a*f3* —)• (a/3)* is 
a natural isomorphism such that the diagrams 


a* o /3* o 7 * 

(a/3)* 07 * 


"'U/ 


■ o (^7)* 

^Oi,P'y 

{aPlT 


commute for all a,/ 3,7 G T. 


Lemma A.l. Let x G Ob(C) and 4> = {4>a ■ x a*x | a G T} a set of isomorphisms. If Aut(x) is 
abelian, then there is an aetion ofT on Aut(x) given by the formula 

r X Aut(x) Aut(x) 

(a,/) a ■ f := (l)~^a*{f)4>a. 

This action does not depend on the choice of the (fa’s. 

Proof. Because ta,i 3 : a* o /3* ^ (a/3)* is a natural transformation, the diagram 


a* (/3*x) 
a*(/3*x) 




da,l3)x 


{a/3)*x 

{aj5)*x 


commutes for all / G Aut(x) and all a, /3 G T. In other words, 

(A-1) («/3)*(/) = {ta,p). o a*/3*(/) O {ta,p)f\ 

Since Aut(a*/3*x) is abelian, {ta,i3)f^(l)aj3(fa^oi*{.(fi3)~^ commutes with a*l3*{f). This fact can be 
expressed as 

° O Oi*{(fp)(t)a = (Pali{ta,fi)x O a* /3* (f) O {ta,p)f^ (fa^ 

which we re-write as 

(A-2) (j)a^a*(f)g^l3*{f)(j)f}'^(fa = (f~l{ta,f3)x O a* (3* (f) O ita,fs)f^(j)afS- 

The left-hand side of (A- 2 ) is (t>~^a*{/3 ■ f)(fa = ot ■ {j3 ■ f) and, by (A- 1 ), the right-hand side of 
(A- 2 ) is equal to 
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which equals (a/3) • /. Thus a ■ {P ■ f) = (a/3) • /. 

To see that the action does not depend on the choice of the (pa’s suppose that {(p'a ■ x —)• 
a*x I a E r} is another collection of isomorphisms. There are automorphisms ipa £ Aut(a*x) such 
that <pa = ipa4’a- The action of T on Aut(x) associated to the cp'a, a E T, is 

(a,/) l-A {(p'a)~^a*{f)(p'a = (pa^'lpa^a*{f)'lpap)a] 

but 'ip~^a*{f)ipa = a*(/) because Aut(a*x) is abelian, so the right-hand side of the displayed 
equation is equal to a ■ f. ■ 


A. 2. Equivariant objects. Suppose T acts on C. A T-equivariant structure on an object x E C is 
a set of isomorphisms {(pa'■ x ^ a*x\ a such that the diagrams 


(A-3) 


X ■ 


ax 


4 ^ 0.13 

(a/3)*x ■ 




*(4>p) 
■a*{l3*x) 


commute for all a,/3 ,7 E T. 

An arbitrary set of isomorphisms (//q, : x ^ a*x, a E T, will not usually give an equivariant 
structure on x. Their failure to do so, i.e., the failure of (A-3) to commute, is measured by the 
automorphisms 

(A-4) CLa^fi ■ — 4^a/3 (^Q:,/?)^: ® a {^(pji) O (pa 

of X. 


Lemma A.2. Let x E Ob(C) and and let {(pa '■ x —>■ a*x | a E T} he a set of isomorphisms. If 
Aut(x) is abelian, then the function 

a ; T X r — )• Aut(x), (a,/3) 

is a 2-cocycle. 

Proof. We must show that Oap^'y o Oa,/? = aa^p-y o (a • ap^.y) for all a, /3 ,7 E T. 

First, Oap,-/ o aa,p equals 

° ° (cr/3) {(p-j) O (paP O (pap ° {ta,p)x O a*{(pp) O (Pa 

= C/37 ° {^o,Pa)x O {aj3y{(p-f) O {ta,p)x O a*{(pp) O (Pa 

= ^aP-f ° {'taP,-f)x O {ta,p)-i*x O Q*P* {(p-f) O Q*{(pp) O (Pa 

where the last equality follows from the commutative diagram 


a*P*x ■ 
a*/ 3 *( 7 *x) 


da,13)3. 


da, 13 )-^ 


(a/3)*x 

(apriP-,) 

(a/ 3 )*( 7 *x) 


which exists by virtue of the fact that ta,p is a natural transformation (applied to the isomorphism 
(p^ : X ^ 'y*x). 
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On the other hand, o (a • equals 

° o o </)„ o cj)-^ o a* o o P*i 4 >^) o (/.^) o (jy^ 

= ° itc,P'f)x o a*((i/3, 7 ) 0 ;) o a*/3*{(j)^) o a*{(t)p) o 

= ° (^«./ 37 )^ ° (“* ■ ^/ 3 , 7 )a; ° a*P*{4>^) o a*{(p)s) o <pa 

~ ^aP'f ° (io/3,7)a; ° ita,fi)'y*x O OL j3 {(p'y) O d (</>,g) O (j)f^ 

Thus, O (ci * ^ 

Proposition A. 3. Let x G Ob(C) and suppose Aut(x) is abelian. If the 2-cocycle {a, (I) i-A 
defined in (A-4) is the coboundary of the function / ; T —>■ Aut(x), a i-A Oq, t/ien t/ie isomorphisms 
'■ X ^ a* x\ oGT} form an equivariant structure on x. 

Proof. The hypothesis says that 

C /3 ° (ia,/3)x o a*(</>/3) o </>a = {df ){a, fi) = (a ■ a/s) O a~Jj O aa 

for all a ,/3 G T. Since Aut(x) is abelian, we can rewrite this as 

f^Oif} ^ ^ ^ (’/’/3) ® 4^ct - ® q ;/3 (*^ ' 

— ®q,/3 ® ® fia ^ {P'p)4‘a 

whence {ta,p)x ° Oi*{(j)js) = C/3C/3 ° ° a*(0/3)- In other words, the diagram 


X ■ 


(pa fl-Q 


a X 


4>apa.^p 

{a/3)*x ■ 






■ a* (/3*x) 


commutes; i.e., the maps ^ ^ | a G T} form an equivariant structure on x. ■ 


A.3. Classification of eqnivariant strnctures. In order to classify equivariant structures we 
must first say what it means for two equivariant structures to be the “same”. 

Suppose that T acts on C. The objects in the category of T-equivariant objects in C are pairs 
(x, (f) consisting of an object x in C and a set of isomorphisms cj) = {C : x —)• a*x | a G T} that 
give X the structure of a T-equivariant object. A morphism / : (x, fi) {y, ip) in C'" is a morphism 
/ : X —>• y in C such that the diagram 


4'a 

X - 

/ 


i’a 


a*x 

a*y 


commutes for all a G T. 

We will classify equivariant structures on an x G Ob(C) up to isomorphism in the special case 
when Aut(x) is abelian. 

Lemma A.4. Let x G Ob(C). Suppose that {C : x — a*x | a G T} and {ipa ■ x —a*x | a G T} are 
equivariant structures on x. //Aut(x) is abelian, then the function / : T —)• Aut(x), /(a) := ip~^(pa, 
is a 1-cocycle. 
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Proof. By definition, 

(A-5) {df){a,/3) = (a-V’^V/3)o O V’a Va- 

Because the (/>’s and ip^s define equivariant structures, 

= (ta,pOi*{'lpp)'lpa^ O {ta,pOl* {cl>ji)(t)c^ 

Therefore 

{df){a,P) = (p~^a*{fj^^<j)p)<j)aO of;-^(f)a 

= idx- 

Thus, / is a 1-cocycle as claimed. ■ 


Let X G Ob(x). We write <h(x) for the set of equivariant structures on x and <h(x)isom for the set 
of isomorphism classes of equivariant structures on x. li f = {(fa '■ x a*x | a G T} G d>(x) we 
write [(/>] for the isomorphism class of (/>; i.e., (f i-A [cf] denotes the obvious function <h(rE) —)■ ^(x)isom- 

Proposition A.5. Let x G Ob(C) and suppose Aut(x) is abelian. If (f = {</>« ; x a*x | a G T} 
is an equivariant strueture on x and / : T —)■ Aut(x), a i-A fa, a 1-eoeyele, then 

if ■ </>) := {4’afa ■ X a*x I a G T} 

is an equivariant structure on x that depends only on the class of f in Lf^(r, Aut(x)). This gives an 
action 0 /iL^(r, Aut(x)) on d*(x)isom- Furthermore, i/<h(x) 7 ^ 0 , then Lf^(r, Aut(x)) acts simply 
transitively on <h(x)isom- 

Proof. Let [/] G Lf^(r, Aut(x)) where / is a 1-cocycle. Let cf = {(fa} £ <l>(x). Because / is a 
1-cocycle, (a ■ fp)fa^fa = idx- Because Aut(x) is abelian this equality can be rewritten as 

fag = iccfg)fa = (t>a^<y*{fp)(fafa- 
Since the (fa's form an equivariant structure on x, 

(fag — ita,g)xOi i(fg}(fa 

for all a, /3 G r. Therefore 

(kagfag (jfajg'jxO! i^fg'j^fa^ O (fPa ® ifg'i^fafa^ il'a,g')xOi i^f g fg'i^f a fa¬ 

in other words, the diagram 


(pa fa 


(pa^fajB I 

ia/3)*x ■ 


■ a X 




■ a* i(I*x) 


commutes; i.e., the maps {(fafa ■ x a*x | a G T} form an equivariant structure on x. 

We now show that the isomorphism class of (x, f ■ (f) depends only on the cohomology class of 
/. Let /, /' : T —)■ Aut(x) be 1-cocycles. They are cohomologous if and only if f f~^ = dg for some 
g G C^(r, Aut(x)) = Aut(x), i.e., if and only if there is <7 G Aut(x) such that 

f'afa^ = idg)ia) = (a • g)g~^ 
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for all a E r. On the other hand, (x, /•</)) = (x, f ■ (j)) if and only if there is an isomorphism 
g : X ^ X such that the diagram 


4^afa 

X - 

9 


a*x 

a*x 


commutes for all a E T; i.e., if and only if a*{g)4>afa = 4>afa9 equivalently, (j)~^a*{g)(j)afQ = fad 
for all a E r. Since Aut(x) is abelian, this is equivalent to the condition that (I)~^a*{g)4>a9~^ = 
fafa^ for all a E r, i.e., {a ■ g)g~^ = This completes the proof that (x, /•</>) — (x, /' • 4>) if 

and only if [/] = [/']. Thus, once we have show that ([/], [(?!)]) eA [/ • i^], really is an action, as we 
do in the next paragraph, we will have shown that Aut(x)) acts on <h(x)isom and all isotropy 

groups are trivial. 

We now check that {[f],(p) eA is an action of H^{T, Aut(x)) on <l>(x). Let /, /' : T —)■ Aut(x) 
be 1-cocycles. Then f ■ {f ■ (p) = {(pafLfa | a E T}. Since /„ and are elements in the abelian 
group Aut(x), fafa = fafL ^om which it follows that /•(/'•</)) = (//') • cp. 

It remains to show that Aut(x)) acts transitively on $(x)isom is transitive. Let cp, cp' £ d>(x). 

We will show there is a 1-cocycle / such that cp' = f ■ (p. By Lemma A.6 below, the function 
/ : r —)• Aut(x) defined by /(a) := <Pa^4>'a is a 1-cocycle. But {f ■(p)a = (pafa = 4>'a (p' = f ■ cp. ■ 


Lemma A. 6. Let x E Ob(C) and suppose that Aut(x) is abelian If (p^^) E ‘h(x), then cp ^^p := 
{(p~^'ipa I a E r} is a 1-cocycle for T with values in Aut(x). 


Proof. We must show that d{(p ^'tp){a,l3) is the identity for all a,/3 E T. This is the case because 
d{(p~^ip){a,P) = a ■ {(pp^ipp) o {(p-j^ip^f^)-^ o cp~^iPa 

= a • (</>^V/l) O (Pa^i’a O {(pal'ipaliT^ 

= (pa^a*{(p'^^i:p)(paO (ppp^lpc.of^-jcPap 

= (p'f}a*{(p'^^'lpp)'lpa, o i>-^a*{ipji)~^{tc,i3)f^ o {ta,,p)x(y*{(pp)(pa 
which is certainly equal to ida,. ■ 


A.4. Equivariant modules. Let T act as /c-algebra automorphisms of a /c-algebra R. If a E T and 
M is a left i?-module we define a*M to be M as a A;-vector space with a new action of R, namely 
X 'arn := a~^{x)m. If / : M —>• A is an i2-module homomorphism we define «*(/) : a*M —)• a*N 
to be the function /, now viewed as a homomorphism from a*M to a*N. In this way, a* becomes 
an auto-equivalence of the category of left i?-modules, Mod(i?). Since a* ft* = {a/3)* this gives an 
action of T on Mod(i?). 

Suppose M is a T-equivariant left i?-module via the isomorphisms (pa '■ M ^ a*M, a E T. 
Since a*M = M, each cpa is a /c-linear map (pa ■ M ^ M and it has the property that (pa{xm) = 
X'af’ai'm) = a~^{x)(pa{'m) or, equivalently, (pa^{xm) = a{x)(p~^{m), for all x E i? and m E M. If we 
write m“ := (p~^ {m), then we obtain a left action of T on M with the property that (xm)" = a{x)mP 
for all X E A, a E T, and m E M. 

Conversely, if M is a left i?-module with a left action of T on M such that (xm)" = a{x)m°‘ for 
all X E i?, a E T, and m E M, then the maps (pa '■ M ^ a*M defined by (pai'm) = gives M 

the structure of a T-equivariant i?-module. 

Thus, a T-equivariant A-module is an i?-module, M say, together with an action of T via a group 
homomorphism T —)■ Autz(M), a i-A (m i-A m"), such that (xm)“ = a{x)'wP for all a E T and 
m E M. 
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